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Abstract

This thesis introduces the rank-order model and investigates its use in several

image restoration problems. More commonly used as filters, the rank-order

operators are here employed as predictors. A Laplacian excitation sequence

is chosen to complete the model. Images are generated with the model and

compared with those formed with an AR model. A multidimensional rank-

order model is formed from vector medians for use with multidimensional

image data.

The first application using the rank-order model is an impulsive noise

detector. This exploits the notion of ‘multimodality’ in the histogram of

a difference image of the degraded image and a rank-order filtered version.

It uses the EM algorithm and a mixture model to automatically determine

thresholds for detecting the impulsive noise. This method compares well

with other detection methods, which require manual setting of thresholds,

and to stack filtering, which requires an undegraded training sequence.

The impulsive noise detector is developed further to detect and remove

degradation caused by scratches on 2-inch video tape. Additional techniques

are developed to correct other defects such as line jitter and line fading.

The second half of the thesis is concerned with reconstructing missing

regions in images and image sequences. First of all an interpolation method

is developed based on rank-order predictors. This proves to be very com-

putationally intensive, but the rank-order structure is shown to reconstruct

image features well, doing remarkably well on edges.

A method using the Gibbs sampler for reconstructing missing data in

images is developed and results show that convergence is very rapid. Motion
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estimation and automatic detection of missing data is added to produce

a method for automatically detecting and reconstructing missing data in

image sequences. Reconstructions are of a very high quality and the method

compares very well with similar AR based sampling methods. Improved

reconstruction of edges is again observed.

With the use of the multidimensional model a method is developed that

can reconstruct missing data in colour image sequences. Reconstruction is

very good and avoids false colouring. Experiments suggest that the multi-

dimensional approach can lead to small improvements in the reconstruction

compared to approaches that reconstruct each channel separately.

Fast algorithms for the rank-order sampling methods are developed which

allow the sampling to proceed at only around 2-8 times slower than the AR

sampling methods.

The following key words may be useful for indexing purposes: image

restoration, rank order, impulsive noise, missing data, dirt and sparkle, in-

terpolation, sampling , 2-inch tape, EM algorithm, Gibbs sampler, Markov

Chain Monte Carlo (MCMC), color image processing.
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Chapter 1

Introduction

1.1 The Restoration of Film and Video

The proportion of films that have been damaged or destroyed since the birth

of cinema is horrifyingly high. According to Friend [27], as much as 90% of

films made before 1930 and 50% of films made before 1950 are ‘irretrievably

lost’. A large part in this destruction has been played by cellulose nitrate

film stock. Films originally recorded on this medium lose their plasticity

and eventually crumble. Even when stored correctly this process takes just

50 years [23].

Several film archives around the world have been lost to fires – for ex-

ample, the Mexican film archive in 1982 and the Japanese film archive in

1984 [23]. When the films crumble it is too late to save them and because

the dust is explosive they must be handled and disposed of carefully.

Films that have deteriorated but can still be saved are carefully washed

and then transferred to modern film based on cellulose acetate or polyester.

The original is placed in a film archive under carefully controlled condi-

tions [23].

1



2 Introduction

Because much of the film was already damaged before the transfer this

process still leaves a large amount of image data that is in need of restora-

tion. Simple techniques applied to the copied film have proved to be good

enough to make several early black and white films watchable. The company

Photoplay with the backing of Channel 4 have restored two classic films from

the silent era – Abel Gance’s Napoleon (1927) and Rupert Julien’s Phantom

of the Opera (1925) starring Lon Chaney. Much of the work in the second

film involved restoring the colour (painted on the original film by hand).

However, in both films much improvement was made by filling in areas of

missing ink (which appear as annoying bright flashes on the cinema screen)

with black marker pens.

In 1993, work was completed on the restoration of the Disney film, Snow

White (1937). This work illustrated the trend in the art in that the restora-

tion work, using Kodak’s Cineon system, was completely digital. However,

this is not to say that a computer program automatically restored the dam-

aged areas and revitalised the colour; the restoration was overseen by a

collection of artists sitting at graphics workstations. However, the role of

computers continues to increase and the Cineon system is designed to be

able to incorporate new methods.

The drive to increase the role of the computer in picture restoration is

amply illustrated by the three EU funded projects (Aurora, Noblesse and

Limelight) which are addressing the automatic detection and restoration of

a wide range of film and video image defects as well as issues related to this,

such as image scanning.

The Aurora project has produced examples of over 60 degraded image

sequences from film and video many exhibiting a different form of degrada-

tion with a unique cause. This indicates the breadth of the problem. It also

forewarns of the consequent plethora of techniques that have been developed

to restore degraded film and video images.

Already much work has been directed into the following restoration top-

ics:



1.1. The Restoration of Film and Video 3

1. De-blurring of images

2. Noise reduction and noise removal

3. Detection and reconstruction of missing image data

4. De-jittering

5. Correction of faded colour, contrast or intensity

(Reconstruction, being a technique that creates new data instead of attempt-

ing to recover the old data, is not strictly restoration. However, it makes

sense to treat it at the same time since in many cases a restoration will seem

incomplete without it.)

Although the origins go back much further, most of the work has co-

incided with the rapid increase in computing power and the data storage

capacity of computers in the last two decades.

However, perhaps the biggest push that is propelling the advancement of

this field is the unstoppable digitisation of broadcast television. Automatic

restoration techniques can be easily and usefully incorporated into a digital

broadcast television system. They can either be switched in when necessary

by a trained operator or more ambitiously sit on-line looking out for damage

and restoring it automatically.

Video is prone to wear and tear just as film is and although digital

formats allow for error checking the added source of errors from transmission

and repeated recording of information means that degradation of digital

video information is still a problem.

In comparison to video, restoring a film is a more expensive business.

Digitising a film, particularly a badly damaged one, is expensive, as is the

process of transferring a restored movie back to film. Also, the resolution of

a film image is far higher than that of a video image and so takes a much

larger amount of computing time to restore. This entails yet more expense

compared to video restoration. However, the growing public awareness of

certain classic films from before the 1950s and a growing interest in the
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early days of cinema means that money is now being made available to film

restorers as never before. And, of course, modern film can also benefit from

restoration as the recently restored prints of the Star Wars Special Edition

trilogy and Les Parapluies de Cherbourg (1964, directed by Jacques Demy)

have shown. The investment in their restoration was justified as the public

responded enthusiastically to the opportunity of seeing these cherished films

restored and back in the cinemas.

1.2 A Guide to the Thesis

This thesis is concerned with a particular set of non-linear operators called

‘rank-order operators’ which have found widespread use in image restora-

tion. They are used in a large number of filters which are useful because of

their ability to remove impulsive noise and also because they preserve edge

features better than linear filters. However, this thesis uses the rank-order

structure in a different framework: as an image model. A formalism is devel-

oped for the model which is then applied to a number of image restoration

problems.

Chapter 2 Towards a Rank-Order Model

In this chapter the rank-order image model is developed and justification

is made for each stage of its formation. A model is developed for grey-scale

images and also for colour images by using a multidimensional rank-order

structure.

The chapter also presents a review of the use of rank-order operators

in image restoration. This provides the reader with the necessary infor-

mation on rank-order operators that they require to comprehend and fully

appreciate the following chapters.

Chapter 3 Restoring Images Damaged by Impulsive Noise

An ideal application for a rank-order image model would appear to be
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the removal of impulsive noise. In this chapter a technique is developed that

uses a rank-order based degradation model to detect and repair impulsive

noise.

A number of filters exist for impulsive noise removal. Almost all of them

are based on rank-order operators. A super-set of the rank order filters

– stack filters – is used as a comparison to assess the performance of the

rank-order detection approach.

Chapter 4 Restoring Images Taken from Scratched 2-Inch Tape

This chapter develops the ideas presented in the previous chapter and

applies them to the problem of restoring degraded image sequences taken

from scratched 2-inch video tape.

A complete system for the restoration of these images is presented that

is fast enough to be able to run in real time. A number of techniques

are employed to restore other errors that occur, such as line-jitter and line

fading.

Chapter 5 Interpolation of Missing Regions of Images Using

Rank-Order Models

This chapter details an interpolation technique capable of reconstructing

missing areas of grey-scale images. This is a reformulation of the interpola-

tion problem for missing data, which is better known as a problem involving

the optimisation of a system of linear equations. In this case the equations

are based on rank-order operations.

Results from a linear interpolation approach are used as a comparison.

Chapter 6 A Probabilistic Approach to Reconstruction

In this chapter a probabilistic approach to reconstructing missing data

with the rank-order model is taken. Sampled reconstructions of the missing

areas are formed using a Markov Chain Monte Carlo (MCMC) method called

the Gibbs Sampler.

This chapter also extends the problem to the restoration of sequences of
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images. This means incorporating estimates of motion between frames as

an integral part of the model.

Chapter 7 Reconstruction in Colour Images

This chapter investigates the use of a multidimensional rank-order model

for reconstructing missing areas in colour images. A comparative study is

made between this approach and reconstruction techniques designed for use

on grey-scale images. The latter are used in a decorrelated colour space and

are applied to each colour channel separately.

Chapter 8 Conclusion and Suggestions for Further Work

The thesis is drawn to a close with a presentation of the conclusions that

can be drawn from the work. Ideas for future work involving the rank-order

image model are discussed as well as suggestions for future development of

the restoration and reconstruction techniques presented in the thesis.



Chapter 2

Towards a Rank-Order

Model

This chapter begins with a review of rank-order operators and their use in

image processing. It continues by using the theory of order statistics to

consider the output distributions of rank-order filtered signals. This is of

use in moving towards the main goal of the chapter which is to form an

image model based on the rank-order operator.

2.1 Rank-Order Filters

A rank-order filter is a sliding window filter whose output is chosen as one

of the inputs in the window on the basis of a rank ordering of those inputs.

Taking the set X = {x1, x2, . . . , xn} as the inputs in the window of a rank-

order filter a second set, Xranked = {x(1), x(2), . . . , x(n)}, is defined as a

re-ordering (rank ordering) of the values such that x(1) < x(2) < · · · < x(n).

An rth order filter takes x(r) as its output [22, 63].

When r = 1 the output of the filter window is the minimum value of the

inputs. When r = n it is the maximum. When n is odd and r = (n+1)/2 the

7
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output is the median of the inputs1. The median filter is the most famous

of the rank-order filters (see Section 2.1.1).

Other filters can be formed by combining a number of rank-order op-

erations. Many different filters have been formed in this way, such as the

weighted median filters, multistage median filters, some morphological filters

and stack filters – all of which will be described in the following sections.

It can be shown that these various terms – rank-order, weighted median,

multistage median, stack – all refer to the same operations and one can

show an equivalence between min-max operations and these other operations

without any loss of generality. In this thesis the term ‘rank-order’ will be

used to refer generically to any of these structures.

It is possible to derive filters that employ linear combinations of rank-

order structures as their output. This class, called order statistic (OS) filters,

will also be considered shortly. The remainder of this review considers each

rank-order structure in turn and discusses their applications and equivalence.

2.1.1 The Median Filter

Given the set of rank-ordered filter window inputs

Xranked = x(1), x(2), . . . , x(n) (2.1)

the output of the median filter, xmed, is defined as

xmed =

{

x(n+1)/2 for n odd

1/2(xn/2 + x(n/2)+1) for n even
(2.2)

The filter parameters are the size and shape of the filter window.

The first application of the median filter is attributed to Tukey [85] who

used it for time series analysis. The median operation is non-linear and is

1When n is even the median is defined as the mean of the two central values in the
ordered set. This means that, in this case, the median is a linear combination of rank-order
filters and so is more properly an ‘order statistic’ filter (see Section 2.1.4).
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good at rejecting outliers and is the classic approach to removing the black

and white pixels of impulsive ‘salt and pepper’ noise in images. Reduction

of the noise is very high, but image details are not preserved if they are

smaller than half the window size. This causes blurring of the image. Edges

are often well preserved; they are not smoothed as they are when filtered

with a linear filter.

This behaviour can be observed in the example in Figure 2.1 which shows

a detail from the image ‘Bridge-Stream’ that is degraded with 10% salt and

pepper noise2 and then filtered with a 3 × 3 median filter. The noise has

been removed almost completely and the edges of the bridge are quite well

preserved. However, the fine detail of the image has not been well preserved.

(a) (b)

Figure 2.1: (a) Detail from Bridge-Stream image with 10% impulsive salt
and pepper noise. (b) Image after median filtering.

For an in-depth treatment of the behaviour of the median filter see Galla-

gher [30] and Fitch [25]. It should be noted that the behaviour of the median

filter will be less typical when n, the number of inputs in the window mask,

is even.

True median filters are quite different from linear filters but it is inter-

esting to attempt to analyse median filters using ideas from linear filtering

theory. The idea of invariant signals is well-known in linear filter theory. For

2The image has 256 intensity levels and the salt and pepper noise is either the maximum
or minimum intensity.
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median filters such signals are known as root signals. It has been shown that

a root signal is formed by one or more passes of a median filter. Root signals

can also be formed by using a recursive median filter which uses data up-

dated in the current pass of the filter to form its output. A comparison can

be made between the recursive filter and an IIR filter which is also fed with

previous outputs. The root signal for a recursive median is not necessarily

the same as that for a median filter. Gallagher [30] has defined sufficient

and necessary conditions for a root signal given a particular median filter.

Step responses and impulse responses can be considered for the scalar

median filter. Median filters preserve steps very well. They do not smooth

them or cause ringing as linear filters do. They can sometimes have the other

interesting side-effect of displacing the step slightly. Impulses are removed

by median filters if they are less than half the window width wide. Otherwise

they are preserved, although again they may be displaced. This behaviour

is clearly different from that of linear filters.

It is possible to consider a median filter to have poles that can vary

with each new window position. This observation leads to some interesting

conclusions about the stability of the median based predictors. The notion

of ‘poles’ as applied to this filter is considered in Section 2.4.3 as part of the

formulation of the median based predictor.

2.1.2 Other Median Type Filters

There are several filters based on the median filter that preserve more image

detail, but because of their median type operation they are still very good

at removing impulsive noise and preserving edge features.

One is the weighted median filter [3, 76]. The filtering procedure can be

represented by the equation

yweighted median = med(w−n ⋄ xk−n, . . . , w0 ⋄ xk, . . . , wn ⋄ xk+n) (2.3)
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where the symbol ⋄ is used to denote duplication, for instance

n ⋄ x =

n times
︷ ︸︸ ︷
x, . . . , x (2.4)

The bigger the weight the more likely the corresponding value will be

chosen as the output. There exists a very simple method for choosing a

weighted median filter based on a particular training image [76]. At each

window position the weight corresponding to the pixel in the window that

is the most similar to the desired pixel is incremented. The window is

then moved along to the next position and the process is repeated until the

entire training image has been covered. Finally, the weights are normalised

by dividing each one by the sum of the weights.

The multistage median filter [51] is another filter structure based on the

median filter. The multistage median filter takes as its ouput the maximum,

minimum or median of the outputs resulting from median operations on sets

of intensity values. These have been applied successfully to temporal filtering

where the use of a variety of supports from three frames in a sequence have

been used to filter impulsive degradation [3, 5, 4, 48, 46]. An example

of a multistage median filter used for image sequence filtering is shown in

Figure 2.2 and is defined as follows

zl = median[W ] ∀ 1 ≤ l ≤ 4

zmax = MAX1≤l≤4[zl]

zmin = MIN1≤l≤4[zl]

filter output = median[zmax, zmin, C] (2.5)

The figure shows eight sub-filters. Each one consists of three 3×3 windows,

one taken from the previous frame in the sequence, one at the same position

in the current frame and one at the same position in the next frame. Only

the pixels in the positions that are blacked out are included in the windows

of the subfilters.

Adaptive median filters have been developed that change their filter
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C W5 W6 W7

W1 W3W2 W4

Figure 2.2: Multi-stage median filter masks used by Arce

window size based on a detection of the size of noise impulses [37]. Others

have designed them to preserve certain image features and remove others.

This is known as design under ‘structural constraints’ [92].

2.1.3 Morphological Filters

Morphological filters are described by the set operations of mathematical

morphology. The application of this class of filters is now an established

pursuit and a detailed discussion can be found in Serra [72]. Many standard

texts on image processing and machine vision also describe mathematical

morphology (see, for instance, Sonka et al. [75] and Jain et al. [38]).

Each morphological filter is made up of a combination of two operations:

dilation and erosion. The following definitions relate to binary images al-

though morphological operations are not confined to the binary space.

The erosion of a set X by another set B, which is known as the struc-
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turing element, is defined as

X ⊖ B = {x ∈ X : x + b ∈ X, for every b ∈ B} (2.6)

This means that every point x from the set X is tested to see if the (vector)

sum of itself and each member of the structuring set is also a member of X.

An example of this, taken from Sonka [75], is as follows

X = {(0, 1), (1, 1), (3, 0), (3, 1), (3, 2), (3, 3), (4, 1)} (2.7)

B = {(0, 0), (1, 1)} (2.8)

X ⊖ B = {(3, 0), (3, 1), (3, 2)} (2.9)

The dilation of a set X by another set B is defined as

X ⊕ B = {x ∈ X : x = x + b for every x ∈ X and b ∈ B} (2.10)

This means that the dilation is the set of all possible (vector) additions of

pairs of elements from X and B.

An example of this, again taken from Sonka [75], is as follows

X = {(0, 1), (1, 1), (3, 0), (3, 1), (3, 2), (3, 3), (4, 1)} (2.11)

B = {(0, 0), (0, 1)} (2.12)

X ⊕ B = {(0, 1), (1, 1), (3, 0), (3, 1), (3, 2), (3, 3), (4, 1)(0, 2),

(1, 2), (3, 4), (4, 2)} (2.13)

An opening is an erosion followed by a dilation, defined as

X ◦ B = (X ⊖ B) ⊕ B (2.14)

A closing is a dilation followed by an erosion, defined as

X • B = (X ⊕ B) ⊖ B (2.15)
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These morphological filters can be applied to images with integer values

by thresholding the image and applying the filter to each level. In Maragos

et al. [57] morphological filters that operate like this, which have a dual rep-

resentation in the integer domain, are said to ‘commute with thresholding’.

In the second part of the paper by Maragos et al. [58] a link between min-

max (rank-order) filters and the morphological filters that commute with

thresholding is established.

2.1.4 Order Statistic Filters

Order statistic filters are linear/non-linear filters that take as their output

linear combinations of the rank-ordered values in the filter window. This

class of filter therefore contains the set of rth order filters as a subset. It is

sometimes known as the class of L-Filters.

The order statistic filter is defined as follows

xOS =
n∑

r=1

wrx(r) (2.16)

where x(r) is the rth member of the set X = {x(1), x(2), . . . , x(n)} which is

an ordered set of the values that appeared in the input filter window and

W = {wr : r = 1, . . . , n} is a set of filter weights.

Two examples of order statistic filters are the median filter, which arises

when w(n+1)/2 = 1 and all the other weights are equal to zero, and the

averaging filter which arises when all the coefficients are equal to 1/n.

Order statistic filters can be formed from any combination of this type

of structure in much the same way that rank-order structures can be com-

bined [18] – although the ‘weighted order statistic filters’ of [91] and [88]

are simply weighted median structures and the ‘multistage order statistic

filters’ of [3] are simply multistage median filters.

A set of order statistic filters called α-trimmed mean filters has been

applied to the problem of removing impulsive noise from images using order

statistics [69]. The method orders the samples in the filter window in rank
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order and rejects outliers by trimming α% of the values off the ends of the

ordered data set. This is designed to remove outliers from the data and

so the value of α depends on the amount of impulsive noise in the data.

Further operations can be performed on the data that remains, to remove

other types of noise that may be present.

Another filter is the Modified Trimmed Mean filter [50]. This is similar

to the α-Trimmed Mean Filter, except that the basis for rejecting outliers is

the distance of the inputs from the local median. The filter output at some

point in the image is

xMTM =

∑n
r=1 wrx(r)
∑n

r=1 wr
(2.17)

where the filter weights are defined by

wr =

{

1 if |x(r) − med(X)| ≤ q

0 otherwise
(2.18)

where q is some threshold.

Image sequence filtering with order statistics, incorporating motion com-

pensation, is presented in Kleihorst et al. [41, 42, 19]. These approaches

use a recursive estimator based on linear combinations of the ordered data

set and are designed to restore images damaged by additive noise.

2.1.5 Stack Filters

Stack filters are a generalisation of min-max filters. An example of a stack

filter, taken from [54], is shown in Figure 2.3. The figure shows a sequence

of numbers that is filtered by the stack filter Sf = min(max(x1, x3), x2). It

also shows how the same output can be achieved by applying a thresholding

operation, called threshold decomposition [25], to the input at i = 1, . . . , 3.
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Threshold decomposition is described by

xm = Tm(x) (2.19)

=

{

1 if x ≥ m,

0 otherwise
(2.20)

where x is an integer value from the data set and Tm(·) is the operator which

thresholds x at level m. The thresholded value, xm, is therefore a binary

value.

Stack filtering involves applying the Boolean stack filter to each of the

binary sequences that result from this thresholding operation and then sum-

ming the outputs to obtain the stack filter sequence. An equivalent filtering

can be made in the integer domain with a certain min-max filter. The reader

should note the connection between ‘max’ and the ‘+’ and between the ‘min’

and the ‘.’ which allows the equivalent filters to be determined in the two

representations.

To ensure that the outputs of the filters can be summed the Boolean

function must obey the stacking property. This means that whenever the

stack filter outputs a one from the sequence thresholded at level m, then

the stack filter outputs ones on every level thresholded at a value less than

m. Boolean functions that do not have negative terms obey the stacking

constraint [33]. They are known as positive Boolean functions. Only positive

Boolean functions have a corresponding min-max function.

For instance, the Boolean function x1x2 +x2x3 is not a positive Boolean

function, because the x3 term is complemented. The Boolean function

x1x2 + x1x3 + x2x3, which is the same as a 1× 3 median filter, is a positive

Boolean function. It obeys the stacking constraint and is equivalent to the

min-max operation

max(min(x1, x2),min(x1, x3),min(x2x3))

For a given input filter window there are many stack filters that can be

chosen for a certain signal processing task. The choice is made by select-



2.1. Rank-Order Filters 17

2 2 0 1 1 3 2 2 2 2 1 1 1 3 2 2

0 0 0 0 0 1 0 0 0

1 1 0 0 0 1 1 1 1

1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1

1 0 0 0 1 1 1

0 0 0 0 1 0 0

Threshold at 1,2 and 3 Sum Binary Outputs

Sf

Sf

Sf

Sf

S = max(min(x ,x ),x )f 1 3 2

In the binary domain S =x .x +xf 1 3 2

Figure 2.3: An example of stack filtering in the integer domain and the
threshold decomposed binary domain
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ing the filter that minimises an error criterion (or cost function) between

the filter output and the desired signal. It has been shown that the mean

absolute error (MAE) criterion allows the cost function to be expressed as

the sum of the mean absolute errors of the thresholded levels. This means

that minimising the MAE for the outputted multilevel signals becomes the

same as minimising the function at each binary level. The minimisation is

described by

minimise C(Sf ) = E[|Ii,j − Sf (~xi,j)|] (2.21)

=

M∑

m=1

E[|Im
i,j − sf (~xm

i,j)|] (2.22)

where Ii,j is the intensity value at position (i, j) in the undegraded image I

and ~xi,j contains the intensity values at position (i, j) in the degraded image

and those in some pre-defined neighbourhood around it. The stack filter is

defined in the integer domain by a min-max function, denoted by Sf , and

in the binary domain by a positive Boolean function, denoted by sf .

Optimisation of stack filters therefore involves the solution of a linear

program. A suboptimal approach to this was presented in [94] and also

discussed in [21]. Owing to the great amount of computation required by

the linear program other techniques have been developed to avoid it. An

adaptive technique is described by Lin [54]. Other methods are based on

Bayesian decision theory [93, 89].

However, these early methods have been superseded by much faster train-

ing methods that are equivalent but avoid threshold decomposing the im-

age [77, 90].

Stack filters first appeared in 1986 [86] and since then several variations

have appeared. The class of generalized stack filters [53] is a super-set of

the stack filters. It uses a different binary filter for each level of the thresh-

olded image and inputs to one threshold level can be taken from several

threshold levels. This means that generalized stack filters represent a more

complicated problem to solve with an increased search space. The approach

promises an even better preservation of image detail, but problems can arise
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when reforming an image from the filtered decomposed levels. To ensure

that the stacking constraint is satisfied can require post-processing or care-

ful examination of the Boolean functions chosen.

An extensions to stack filtering has been proposed that incorporates a

model of the human visual system. This is described in Coyle and Huang [20].

They have taken the particular problem of removing impulsive noise from

images of faces.

2.2 Multidimensional Rank-Order Filters

Rank-order filters have been designed for use in multidimensional spaces.

Filters such as the vector median and the directional median filter have been

developed for filtering multidimensional data. The former uses the idea of

vector distances to choose an output vector from amongst the inputs. The

directional median filter uses the idea of vector directions to filter colour

vectors and is often used in conjunction with another filter that filters the

magnitudes of the vectors.

2.2.1 The Vector Median Filter

The vector median filter [10] is based on the concept of vector distances.

The output of the filter is chosen as the input vector that has the minimum

sum of distances to all the other input vectors. The vector median, xmed,

of a set of n-dimensional vectors, X = {xq : q = 1, . . . , N}, is defined as

xmed = arg min
xj∈X

∑

q

‖xq − xj‖ (2.23)

where ‖ · ‖ is an Lp norm. The reader can verify that for n = 1 (that is,

when (X) is set of scalar values) the operation is equivalent to choosing the

median value of the set.

The vector median filter is a rank-order filter. It chooses a vector from
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the filter input window as the output and some form of sorting the vectors

is used to decide this choice. When the 2-Norm is employed this sorting

is in terms of sums of Euclidean distances between one vector and all the

others. When the 1-Norm is used this reduces to measuring distances from

the vector to the ‘marginal median’, which is the vector formed by the

componentwise application of the scalar median to the input vectors. The

vectors are therefore ordered by their distances from this vector and the

one with the minimum distance is chosen as the vector median. In the 1-

dimensional case the sorting occurs along the number line and the marginal

median is the same as the median.

Vector median filters have been used in image processing in a number

of instances for impulsive noise reduction in colour images. This has been

investigated by Lucat [55].

The behaviour of the vector median filter is similar to the median filter

in that it preserves edges well, removes impulsive noise, and blurs fine image

detail.

Fast Algorithms for Vector Median Filtering

A paper by Barni [12] described the fast implementation of the 1-Norm

vector median mentioned previously. It shows that when the 1-Norm is

employed the vector median is the vector that has the minimum distance

to the marginal median, where the marginal median is a vector formed by

taking the componentwise scalar median of the vectors. This means that

only one vector distance needs to be calculated for each vector and is thus

much faster than the standard way of determining the vector median.

An approximation to the vector median that maps the vectors into a

1-dimensional space has been developed by Regazzoni [68]. The mapping

is very simple to calculate and the (approximate) vector median can be

calculated swiftly using the scalar median.
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2.2.2 The Vector Directional Filter

The vector directional filter [66, 81] operates on the direction of the vectors

and thereby exploits the fact that the direction component of similar colour

vectors is similar. The process of determining a vector directional filter out-

put is equivalent to finding the median of the direction vectors, irrespective

of magnitude. The distances between the different direction components are

determined and the one with the lowest sum to all the others is chosen as

the output.

The vector directional filter for the set of vectors X = {xi,∀ i = 1, . . . , n}
is as follows

xVDF = arg min
xi∈X

n∑

j=1

A(xi,xj) (2.24)

where

A(xi,xj) = cos−1
(

xix
T
j

|xi||xj |

)

(2.25)

which is the angle between the vectors.

A second stage of the process is to apply a filter for the magnitude of

the vector output. The vector directional filter therefore differs from the

vector median filter in that it only processes the colour components of the

vectors and not the magnitudes. A number of methods, such as the nearest

neighbour adaptive approach [65] and the hybrid directional structure [29,

66], have been employed to avoid the distortion that arises from independent

colour and magnitude filtering. The directional distance filter [39, 66] is

similar to the vector directional filter, but incorporates distance into the

criterion. It is defined by

xDDF = arg min
xi∈X

[

n∑

j=1

A(xi,xj)] · [
n∑

j=1

‖xi − xj‖] (2.26)



22 Towards a Rank-Order Model

2.3 Theory of Rank-Order Distributions

Analysing rank-order filters is not as simple as analysing linear filters because

there is no unified filter theory that describes them as there is with linear

filters. Rank-order filters cannot be directly classified in terms of their roots.

However, it will be demonstrated later that some progress can be made in

investigating the roots of rank-order filters. Investigation of step and impulse

responses can be made and, as mentioned previously, some work has been

completed on invariant signals.

Some progress has been made in analysing rank-order filters in the field

of order statistics. It has been shown that it is possible to derive the output

distribution of a rank-order filter. This will be of use in this thesis with con-

nection to the rank order model formulation so the proofs will be reproduced

here.

Let X1,X2, . . . ,Xn be n independent random variables with probability

distribution function p(x). Then let X(1),X(2), . . . ,X(n) be a rank ordered

set of the same variables. The rth value in this rank-ordered set, X(r), is

known as the rth order statistic.

The cumulative density function for the rth order statistic is [22, 28]

Fr(x) = P{X(r) ≤ x} (2.27)

= P{at least r of the Xi are less than or equal to x} (2.28)

=

n∑

i=r

(

n

i

)

P(x)i[1 − P(x)]n−i (2.29)

The term in the summand is the binomial probability that exactly i of the

X1,X2, . . . ,Xn are less than or equal to x. Using the relation between the
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binomal sums and the incomplete beta function,3

Fr(x) = n

(

n − 1

r − 1

)
∫ P(x)

0
tr−1(1 − t)n−r dt (2.33)

This is helpful in deriving the pdf.

fr(x) = n

(

n − 1

r − 1

)

d

dx

∫ P(x)

0
tr−1(1 − t)n−r dt (2.34)

= n

(

n − 1

r − 1

)

P(x)r−1(1 − P(x))n−rp(x) (2.35)

This formula gives the output distribution of a rank-order filter. It can

be extended to give the output for any combination of rank-order operators.

As the stack filters section showed, a larger class of rank-order operators

can be described by a combination of rank-order operations which can all

be represented as min-max expressions. The following example will show

that the output distribution for a random variable resulting from a min-

max expression that is not a simple rank-order operator can be derived.

The method used is similar to that described by David [22] for rth order

structures.

Taking,

Xout = max(X1,min(X2,X3)), (2.36)

3The incomplete beta function is defined in two ways.

Ip(a, b) =

Z p

0

ta−1(1 − t)b−1 dt/B(a, b) (2.30)

and

Ip(a, n − a + 1) =

n
X

j=a

�

n
j

�

pj(1 − p)n−j (2.31)

where B(a, b) is the beta function

B(a, b) =

Z

1

0

ta−1(1 − t)b−1 dt : a > 0, b > 0 (2.32)
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we wish to find the probability that

P(Xout = x) (2.37)

There are three ways in which Xout = X1. The first is when X2 and X3

are both less than or equal to X1. The probability of this is the probability

of X1 being x < X1 ≤ x + δx and X2 and X3 being less than or equal to x.

This has the probability

P(x)2[P(x + δx) − P(x)] (2.38)

The other case where Xout = X1 occurs when one of X2 and X3 is less

than or equal to X1 and the other is greater. The probability of this is the

probability of X1 being x < X1 ≤ x + δx and one of X2 and X3 being less

than or equal to x and the other greater. This has the probability

P(x)[P(x + δx) − P(x)](1 − P(x + δx)) (2.39)

There is also one way in which Xout = X2. This is when X2 is greater

than X1 and less than or equal to X3. The probability of this is the prob-

ability of X2 being x < X2 ≤ x + δx and X2 being greater than x and X3

being less than or equal to x. This has the probability

P(x)[P(x + δx) − P(x)](1 − P(x + δx)) (2.40)

This probability also applies for the probability that Xout = X3.

From this there are five separate probabilities that need to be summed

to determine the overall pdf which is

P(x < Xout ≤ x + δx) = P(x)2[P(x + δx) − P(x)]

+ 4P(x)[P(x + δx) − P(x)](1 − P(x + δx)) (2.41)
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Regarding δx as small we have, therefore

P{x < Xout ≤ x + δx} = P(x)2p(x)δx + 4P(x)p(x)δx(1 − P(x + δx))

(2.42)

Dividing both sides by δx and letting δx → 0 gives

f(x) = P(x)2p(x) + 4P(x)p(x)(1 − P(x)) (2.43)

This is thus similar to the rth order case, but is a sum of several of the

kind of terms that would be found in the pdf for an rth order structure.

In a similar fashion it can be shown that the pdf, p(x),for

x = max(min(X1,X2),min(X2,X3),min(X4,X1)) (2.44)

is

f(x) = [6(1 − P(x))P(x)2 + 6(1 − P(x))2P(x)]p(x) (2.45)

The reader may wish to verify this using the approach shown.

An important observation from all this is that the P(x)(1−P(x)) terms

do not denote a convolution. Hence, the central limit theorem cannot be

applied to show that the output distribution will tend to a Gaussian as

the size of the filter increases. The consequences of this observation on the

construction of a rank-order model will be discussed in the next section.

2.4 Constructing a Rank-Order Image Model

2.4.1 The AR Model

There are a number of image models in common use. Of particular interest,

in the development of the rank-order model, is the AR model. For an image
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sequence, with motion, this is defined as follows [43]

I(i, j, n) =
n∑

k=1

akI(i + qk(i) + sxn,n+qk(n),

j + qk(j) + syn,n+qk(n), n + qk(n)) + e(i, j, n) (2.46)

which describes a relation between the intensity value in the image at spa-

tial co-ordinates (i, j) in frame n and a weighted sum of intensity val-

ues surrounding it. The locations of the intensity values relative to the

position (i, j, n) are described by the spatial and temporal support q =

{qk(i), qk(j), qk(n)} and, for those in adjacent frames, by the motion vectors

(sxn,n+qk(n), syn,n+qk(n))

which describe the displacement of intensity values between frames that is

due to motion in the scene. The ak are the weights of the linear predictor.

The model thus consists of a deterministic linear predictor and an ad-

ditive noise sequence e(i, j, n). Although it has been employed with suc-

cess for restoring blurred images [11] and restoring missing data in image

sequences [43, 35] there is less physical basis for its application to the mod-

elling of an image or image sequence. The choice comes out of its mathe-

matical simplicity and its previous success in modelling audio signals [34];

however, in this case a connection between the resonating bodies and strings

of musical instruments and the linear prediction structure can be made. In

addition, the error sequence is chosen to be Normally distributed which is

a safe assumption since the distribution of samples from an audio signal is

typically near Normal. None of this is the case for a typical image.

However, the results achieved by Kokaram [43] demonstrate that the AR

model is still a reasonable model for application to some image processing

problems. This is because the AR model is capable of modelling a wide

range of textures and given that the model involves the weighted sum of

pixel values the error sequence often appears close to Gaussian as the central

limit theorem would suggest.
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2.4.2 The Rank-Order Model

The process of constructing the rank-order model mirrors the move from

linear filter, to linear predictor and to the AR model [80]. It is expected that

the rank-order predictor will behave differently from the linear predictor.

Since the rank-order filters preserve non-linear features such as edges much

better than linear filters do, it is expected that the rank-order predictor will

be a better model for edges. This is the main motivation for constructing

this model. Edges are very important since the human visual system is very

sensitive to them [52].

From the rank-order filter structure a rank-order predictor structure can

be formed as follows

Î(i, j, n) = RO(I(i + qk(x) + sxn,n+qk(n), j + qk(y) + syn,n+qk(n), n + qk(n)))

(2.47)

where the prediction of the intensity value at co-ordinates (i, j) and in frame

n is a rank-order combination of the intensity values in some 3-D, motion-

compensated area surrounding (i, j, n). The rank-order function, RO(·), is

any max-min function or a function that is also expressible in max-min form,

such as a median operator.

Adding a white noise process to the model gives the final form of the

rank-order model, as follows

I(i, j, n) = RO(I(i + qk(x) + sxn,n+qk(n),

j + qk(y) + syn,n+qk(n), n + qk(n))) + e(i, j, n) (2.48)

It cannot be assumed that the error sequence, e(i, j, n), will be Gaussian, as

it is when modelling audio signals with an AR model. When the image data

is Gaussian, as it can be when the image contains finely detailed textures,

then according to the results of Section 2.3 the density of the predicted

data will also be Gaussian and the errors will be distributed as a zero mean

Gaussian. However, the image data is usually not Gaussian and as stated

in Section 2.3 the output distribution from a rank-order operation does not
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necessarily tend to a Gaussian even as the window size increases. The choice

of a suitable error sequence is based on observations and measurements from

applying rank-order predictors to typical images.

Histograms of errors resulting from the rank-order prediction of image

data, particularly when there are edges and flat areas in the image, are quite

peaky and resemble Laplacian distributions. In a typical real-world image

both textures and edges are present. In this case the measured distribution

is more peaky than the Gaussian, with kurtosis values of 6 or more4. This

suggests that a Laplacian distribution is in general a more appropriate choice

than the Normal distribution.

Several images are shown in Figure 2.4 with kurtosis values to illustrate

this. They were all predicted with a 3× 3 median predictor which predicted

the central value in the window based on the surrounding values – an extra

input was located two pixel positions above the centre to make the number

of inputs odd. This predictor is described by

x(i, j) = median(x(i − 1, j − 1), x(i − 1, j), x(i − 1, j + 1), x(i, j − 1),

x(i, j + 1), x(i + 1, j − 1), x(i + 1, j), x(i + 1, j + 1), x(i − 2, j)) (2.49)

Kurtosis values were then calculated as

Kurt(e1, . . . , en) =







1

n

n∑

j=1

[
(ej − ē)

σe

]4





(2.50)

where the errors, e = {e1, . . . , en}, are the differences between the original

image and the median predicted image. The term ē is the mean and σe is

the standard deviation of the errors.

For the two images on the right of Figure 2.4 the kurtosis values are very

4Kurtosis is a measure of the peakiness of a distribution and of the heaviness of the
tails. For a uniform distribution the kurtosis is 1.8, for a Normal it is 3 and for a Laplacian
it is 6.
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much larger than 6. Considering the family of p-Gaussians

f(x; p, λ) =
pλ

2Γ(1/p)
exp {− (|x|λ)p} , p > 0 (2.51)

where the Normal distribution results when p = 2 and the Laplacian when

p = 1, the curve that gives a kurtosis value of about 18 occurs when p = 0.8.

This distribution is similar to the Laplacian.

Could other p-Gaussians be used to model the error distributions? This

is answered by noting that as the original images become less textured, with

fewer edges and less detail, the distribution converges to a central peak

at zero and a Gaussian-like bell, also centred at zero, but with its peak

value at a much lower probability. What has happened is that an increase

in the peakiness of the distribution at its centre has not been matched by

an increase on the heaviness of the tails of the distribution. This gives

an insight in to why the Laplacian is a good compromise distribution to

choose over other p-Gaussians. The Laplacian is a good approximation to

the peakiness of the distribution and the heaviness of the tails. An example

of the Laplacian type distribution resulting from rank-order filtering is shown

in Chapter 3 in Figure 3.2.

In the cases of the ‘Lena’ image5 and the ‘Gold’ image the choice of a

Laplacian excitation is still a reasonable one and is better than a Gaussian

distribution.

The Laplacian, as it is a good compromise and is easy to work with,

will be used as the error process for the rank-order image model. In the

following section and in other chapters of the thesis the appropriateness of

the Laplacian as the excitation sequence will be investigated further.

2.4.3 Generating Images From the Rank-Order Model

The rank-order model will be used in this thesis for modelling a wide range

of image features. But what are the types of images that the model is

5 c©Playboy Inc.
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Bridge Stream (Kurtosis: 7.1271) Lena (Kurtosis: 18.5638)

Mandrill (Kurtosis: 5.8313) Gold (Kurtosis:12.3203)

Figure 2.4: Images used to determine example kurtosis values and, in
parentheses, the kurtosis values.
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capable of modelling? To answer this question it must be first noted that

the type of model considered is a local model that does not model objects,

such as images of faces, cars, trees, but rather it models the primitive image

features that make up these images such as smooth regions, textures and

edges. It does this by assuming at a very local level that the image feature

can be modelled as a max-min combination of intensity values with an added

excitation sequence. But what are these image features like?

A revealing experiment is to generate images from the rank-order model

by driving it with a white noise process. How this can be done is not

obvious and it is instructive to consider the AR model first. This was done

by Kokaram [46, 43].

Taking the causal support shown in Figure 2.5 an AR model is described

by

I(i, j, n) = a1I(i − 1, j, n) + a2I(i − 1, j − 1, n) + a3I(i, j − 1, n)

+ a4I(i, j, n − 1) + a5I(i − 1, j, n − 1) + a6I(i − 1, j − 1, n − 1)

+ a7I(i, j − 1, n − 1) + e(i, j, n) (2.52)

Taking the z-transform, this becomes

I(z1, z2, z3) = I(z1, z2, z3)[a1z
−1
1 + a2z

−1
1 z−1

2 + a3z
−1
2 + a4z

−1
3

+ a5z
−1
1 z−1

3 + a6z
−1
1 z−1

2 z−1
3 + a7z

−1
2 z−1

3 ] + E(z1, z2, z3) (2.53)

which can be written as

I(z1, z2, z3) = E(z1, z2, z3)H(z1, z2, z3) (2.54)

where

H(z1, z2, z3) = 1/[1 − a1z
−1
1 + a2z

−1
1 z−1

2 + a3z
−1
2 + a4z

−1
3

+ a5z
−1
1 z−1

3 + a6z
−1
1 z−1

2 z−1
3 + a7z

−1
2 z−1

3 ] (2.55)

Driving an AR model with noise is thus equivalent to applying an IIR filter
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to Gaussian noise. For the system to be stable H must be an all pole transfer

function. To ensure stability Kokaram used a separable version of H,

H(z1, z2, z3) =
1

(1 − r1z
−1
1 )(1 − r2z

−1
2 )(1 − r3z

−1
3 )

(2.56)

Examples were shown for r1,r2 and r3 being the same and equal to 0.99 or

0.95.

Frame n-1

Frame n

Support pixel

Predicted pixel

Figure 2.5: Causal support showing position of pixels in current and pre-
vious frames

The AR system is implemented as a difference equation where the current

output, I(i, j, n), is calculated as the weighted sum of previous values added

to a random variable from the chosen excitation sequence. To begin this

process arbitrary initial values are used. From then on, previous outputs are

used, when required, in forming future outputs. The effect of the arbitrary

initial values declines as the process continues. A block diagram illustrating

this is shown in Figure 2.6 for a simple 1-dimensional case.

It is not possible to determine the transfer function, H, in the rank-order

case, because it is not known how a rank-order operator can be transformed

into the z-domain. However, some observations can be made. At each

window position the rank-order model chooses one of the inputs as the pre-
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diction. This means that the model is described by the transfer function

1

H(z1, z2, z3)
= (1 − [c1z

−1
1 + c2z

−1
1 z−1

2 + c3z
−1
2 + c4z

−1
3

+ c5z
−1
1 z−1

3 + c6z
−1
1 z−1

2 z−1
3 + c7z

−1
2 z−1

3 ]) (2.57)

where cm : m = 1, . . . , 7 is one if it is the coefficient of the term correspond-

ing to the pixel chosen by the median operator and zero otherwise. So at

any time, only one coefficient is equal to one and the transfer function has a

single marginally stable pole or multidimensional pole surface [52]. However,

with each new set of inputs a different, stable, single-pole transfer function

can be selected, the exact choice of function being made by the rank-order

operator.

Although with the rank-order model it is not possible to form a transfer

function, H, it is possible to express the system as a difference equation.

Thus, images can be formed by choosing initial arbitrary values and calcu-

lating the current output, I(i, j, n), as the median of previous values added

to a random variable from the chosen excitation sequence. This is illustrated

for a simple 1-dimensional case in Figure 2.6.

The image in Figure 2.7 was formed from the AR model described pre-

viously, with r1,r2 and r3 all equal to 0.95, driven with Gaussian noise.

A resolution of 200 × 200 was used and 200 images in the sequence were

generated. The bottom right 128 × 128 portion of the final image is shown.

In the sequence of images shown in Figure 2.8 images are shown that

have been generated with rank-order models using the support shown in

Figure 2.5. The models are driven by a white Gaussian noise process with

unit variance. The same resolution and number of images as for the AR

model were used. A series of rth order models are used, beginning with

r = 1 and ending with r = 7. Therefore, the 4th image results from a

median model. The images are scaled to an 8-bit grey-scale for viewing.

In Figures 2.7 and 2.9 the same images have been generated but in this
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Z
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Z
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Z
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e(n)

y(n)

b(1)=1

SZ
-1S Z

-1 S Z
-1 S

a4 a3

e(n)

y(n)

b(1)=1

a2

y(n)=a y(n-1)+a y(n-2)+a y(n-3)+e(n)2 3 4

y(n)=median(y(n-1),y(n-1),y(n-3))+e(n)

y(n-1)y(n-2)y(n-3)

Figure 2.6: Block diagrams for a simple AR model (top) and a simple
Median model (bottom) driven by a noise sequence, e(n).

Figure 2.7: Image formed by driving an AR model with Gaussian noise
(left) and Laplacian noise (right).



2.4. Constructing a Rank-Order Image Model 35

Figure 2.8: Images formed by driving rth order models with Gaussian
noise. From left to right, top to bottom: 1st rank-order model (minimum),
2nd rank-order model, 3rd rank-order model, 4th order model (median), 5th
rank-order model, 6th rank-order model, and 7th rank-order model (maxi-
mum).

example they are driven with a Laplacian excitation sequence,

ei ∼
λ

2
exp(−|ei|λ), (2.58)

with λ =
√

2, so that the variance, 2/λ2, is equal to 1.

It can be seen from the images that the rank-order model is able, per-

haps surprisingly, to produce a range of textures. There is a great amount

of similarity in the types of textures that appear in the ith and the (8− i)th

image. The 1st and 7th order models correspond to the use of minimum

and maximum operators, respectively. In these cases the images consist of

smooth areas that decrease or increase in intensity in the direction that the

sliding predictor window is applied. Others consist of sandy or rock-like tex-

tures, with some kind of irregular clustering. The images corresponding to

i = 2 and i = 6 contain regions that are oriented diagonally. The orientation

reflects the shape of the causal support used and the way the image is built

up from left to right, top to bottom. The intensity of adjacent regions can

be very different and the texture is like that of a crumpled piece of cloth.

The type of image generated under the two different noise sequences are
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Figure 2.9: Images formed by driving rth order models with Laplacian
noise. From left to right, top to bottom: 1st rank-order model (minimum),
2nd rank-order model, 3rd rank-order model, 4th order model (median), 5th
rank-order model, 6th rank-order model, and 7th rank-order model (maxi-
mum).

similar except that they are ‘rougher’, or more ‘active’, when the Gaussian

is employed. This shows that the deterministic part of the model is the

one that determines the type of texture that is modelled and the noise has

something to do with the ‘roughness’ of the texture. This is exactly what

would be expected.

2.5 The Multidimensional Rank-Order Image

Model

The multidimensional rank-order model is defined by

X(i, j, n) = RO(X(i + qk(x) + sxn,n+qk(n),

j + qk(y),+syn,n+qk(n), n + qk(n))) + E(i, j, n) (2.59)

where X(i, j, n) is a colour vector corresponding to the pixel at position (i, j)

in frame n of the image sequence. RO(·) is the multidimensional rank-order
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prediction of X(i, j, n) based on colour vectors surrounding it and E(i, j, n)

is the multidimensional error at position (i, j) in frame n. This model is

very similar to the scalar rank-order model. The rank order operator used

in this thesis is always a vector median but a directional median operator

could also be used.

It is assumed that the errors are independent and identically distributed

(i.i.d.) except that in each channel the variance of the noise is different.

Therefore, the noise in each channel is modelled by a separate Laplacian

excitation sequence.

Questions of which colour space to use will be addressed later in the

thesis.

2.6 Summary

This chapter has presented a comprehensive review of rank-order filters in

all their forms. Many well known filters such as the median filter, rth

order filters, weighted median filters and stack filters fall into the rank-order

category. Other filters such as morphological filters, order statistic filters

have been shown to have links to rank-order filters.

The analysis of rank-order filters has been discussed. This has introduced

concepts such as threshold decomposition and root signals. The output

statistics of rank-order filters have been shown to be related to the binomial

distribution.

This review has been used as a basis for constructing a rank-order image

model, which is based on a rank-order predictor and a noise process. A mul-

tidimensional rank-order model has also been proposed for tackling image

restoration problems in colour images.

Much consideration has gone into the choice of the noise process. The

Laplacian distribution has been shown to be a good overall choice. This exci-
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tation sequence is also used for each of the channels of the multidimensional

rank-order model, although the variances of the processes in each channel

are taken to be different.

A consideration of what the rank-order model can actually model has led

to the formation of images based on several rank-order models. These were

formed by driving the models with a variety of noise processes. A variety of

images resulted, suggesting that the model can be used to model a range of

textures as well as edge features and flat regions. The noise model has been

shown to relate to the amount and type of ‘activity’ in the image.



Chapter 3

Restoring Images Damaged

by Impulsive Noise

This chapter gives a review of the removal of single-pixel impulsive noise

from images. This is in two parts: the first on filtering and the second on

detection and repair. In the second the rank-order model is used to develop

a method for detecting such noise. This method also forms part of the

algorithm for restoring images damaged by scratches to 2-inch video tape

which is presented in Chapter 4.

3.1 Impulsive Noise

Impulsive noise in grey-scale images appears as localised areas of corruption

that are darker or brighter than the underlying image. It occurs for many

reasons:

• In animated films it can be caused by dust particles that were not

removed from the plates used for the original montage.

• Impulsive noise can be caused by bit errors in transmitted video data

when localised areas of the images are lost.

39
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• Defects in the solid state matrix of digital cameras can mean that some

pixels are corrupted, usually appearing very dark or very bright.

• Scratches on video tape can cause the loss of picture information in

localised areas.

• Damage to photographs or movies can also be localised and consist

of bright or dark areas depending on whether something has become

stuck to it or whether the ink has been scratched away.

Impulsive noise can be either additive or replacement noise and is defined

by the noise density, which is the probability of an impulse occurring, and

some description of the range of values that the impulses take.

An additive impulse noise model is defined by

Iν(i, j) = I(i, j) + b.ν(i, j), (3.1)

where I(i, j) is the clean image, Iν(i, j) is the corrupted image, ν(i, j) is the

noise and

p(b) =

{

d for b = 1

1 − d for b = 0
(3.2)

A replacement noise model is defined by

Iν(i, j) =

{

I(i, j) with probability = 1 − d

ν(i, j) with probability = d
(3.3)

Note that Iν(i, j) will be clipped to lie within the range of allowable grey-

scale values.

The removal of this type of noise is the classic problem to which rank-

order filters and a number of other robust filters1 have been applied. How-

ever, a different approach to filtering is to detect the impulsive noise and

then apply restoration techniques only to the areas that have been detected

1Robust is used here to mean that the filter output is insensitive to the presence of
outliers in the input.
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as being corrupted. This has the advantage of leaving alone those areas un-

affected by impulsive noise, thereby reducing the problem of blurring. The

success of this approach depends on the accuracy of the detection and there

will always be a trade off between the amount of missed detections and false

detections.

First, though, a brief review of the filters used to remove impulsive noise

is given.

3.2 Filters for Impulsive Noise Removal

The rank-order and rank-order related filters detailed in the previous chap-

ter, with the exception of the order statistic filters, can be applied to im-

pulsive noise removal. Some order statistic filters, such as the α-Trimmed

Mean Filter and the Median Trimmed Median Filter are also able to reject

outliers and so are also used for impulsive noise removal.

These filters reject outliers from the input window and so outliers have

no affect on the output. This is not the case with linear filters where all the

inputs affect the output. A particular problem is that the outliers, being

extreme values, affect the output a great deal, even if the noise density is

low. This can have a disastrous effect on the filtered image in the area

around the impulse, even though the impulse itself is smoothed out slightly.

Considerations of which filter to use involve considerations of the par-

ticular noise involved and its density, the computational complexity of the

filter, the amount of detail preservation required and the requirement for

preservation of particular image features. Reviews of nonlinear filtering that

consider which should be used in which occasion are contained in Pitas and

Venetsanopoulos [63] and Fong et al. [26]. They point out that the median

filter is still popular because it combines simplicity and speed with good edge

preservation and a high level of impulsive noise removal. Other rank-order

filters involve an increase in complexity but provide a higher level of detail
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preservation. The stack filter can be employed to give a large amount of

noise reduction and good detail preservation. Stack filtering involves choos-

ing an optimal rank-order filter from the entire set of rank-order filters.

Stack filters, however, have the disadvantage that they must be trained on

uncorrupted training data, which may not always be available.

3.3 Detection and Replacement of Impulsive

Corruption

Impulsive noise only affects localised areas of an image. These can represent

in total a small area of the image, yet be very noticeable. It seems sensible,

therefore, to apply restoration techniques only to areas of the image that are

damaged. The success of this approach, however, depends on the success of

the detection method.

The detector developed by Mitra et al. [59] is based on a Volterra series.

The operator used is

y(m,n) = 2x2(m,n) − x(m + 1, n)x(m − 1, n) − x(m,n + 1)x(m,n − 1)

(3.4)

where y(m,n) is the output and x(m,n) is the input at position (m,n). This

is used to detect the positive impulses in the image. Negative impulses are

detected by forming the complement of the image. Assuming that the images

are 8-bit grey-scale images with values between 0 and 255, the complement

image is

x′(m,n) = 255 − x(m,n) (3.5)

The images resulting from this process are compared to a threshold and

for those y(m,n) that are greater than the threshold the corresponding

x(m,n) are tagged as corrupted. The paper suggests that corrupted pixels
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should be replaced by the mean of the uncorrupted pixels surrounding the

damaged pixel.

The technique performs badly when impulses happen to be located to

either side and above and below an impulse. This is only a common problem

with high noise densities. An improved algorithm is suggested in the same

paper to deal with this. It also attempts to make the detector more sensitive

to dark impulses in dark areas of the image and light impulses in light areas

of the image. However, this requires the ad hoc choice of three parameters

as well as a threshold.

A method based on median filtering of signals degraded by impulsive

noise was suggested by Pasian and Crise [62]. The technique involves fil-

tering the signal with a median filter and forming a difference signal by

subtracting the original signal from the median filtered signal. A histogram

of the absolute value of the difference signal shows a bimodal structure, one

mode relating to the underlying image with a peak at zero and the other re-

lating to the impulses and having a peak at some positive value. A threshold

is determined as a value between these two. It is applied to the difference

image to detect the corrupted pixels.

This technique will not work on all signals. It is not applicable, for

instance, for removing impulsive noise from audio signals, which are grossly

distorted by a median filter. The technique is effective for images degraded

by additive impulsive noise. An example is given in Figure 3.1. This shows

the ‘Lena’ image degraded by additive impulsive noise with a noise density

of 0.1. The probability of a negative impulse is equal to that of a positive

impulse and impulses are either 50 or −50. All values were clipped to lie

within the allowable grey-scale levels of 0 to 255.

The image is filtered with a 3 × 3 median filter and a histogram of

the errors between the degraded image and the filtered image is shown in

Figure 3.2 – note that the signed error has been used, not the absolute error

as proposed by Pasian and Crise. The multimodal nature of the errors can

clearly be seen. By choosing thresholds at 30 and −30 the percentage of

correct detections stands at 95% of the impulses with 1.2% of the pixels
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being incorrectly detected as corrupted. Most of the detection errors are

located along the edges in the image. The restored image is also shown in

Figure 3.1.

a b

Figure 3.1: (a) Lena image with 0.1% impulsive noise and (b) restored
image using the method of Pasian and Crise

3.4 Rank-Order Model-Based Detection

In this section a method will be developed that automatically determines

values for the thresholds that are used to detect the noise.

A model for the observed degraded image, G, can be written as

G(x) = Sp(G(x + q)) + e(x) (3.6)

where G(x) is the grey-scale value at location x in the degraded image, Sp(·)
is a stack predictor (a stack filter whose support does not include the pixel

being processed and which is defined by q). Also, e(x) is the error, which

is a multimodal distribution of residuals.

As suggested in the paper by Pasian and Crise [62], the residuals relating

to the underlying image are assumed to form a mode distinct from the modes

relating to the impulses. Distinction is made between the modes by a choice
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Figure 3.2: Histogram showing the multimodal distribution of errors cal-
culated as the difference between the degraded Lena image and its median
filtered version.
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of differing error processes. The probability of the error, p(e(x)), is chosen

to be a mixture of one zero-mean Laplacian and two Gaussian distributions,

as described by

p(e(x)) =
3∑

j=1

p(e(x)|j)P(j) (3.7)

where P(j) is the mixing parameter, or in other words the prior probability

of the data having been generated from distribution j.

The zero-mean Laplacian distribution

p(e(x)|j = 1) =
λ

2
exp(−|e(x)|λ) (3.8)

models the error related to the underlying image. The reasons behind the

choice of the Laplacian distribution were discussed in Chapter 2.

For j = 2 and j = 3, p(e(x)|j) models the errors related to the impulsive

degradation. They are modelled as Gaussians, one with a mean value greater

than zero the other with one less than zero.

Detection of the impulses is achieved by fitting the mixture to the error

data: the data that is classified into one of the two Gaussians is taken as

resulting from impulsive corruptions. A method of fitting the mixture to

the error data is therefore required.

3.4.1 Maximum Likelihood

The maximum likelihood solution involves choosing the parameters that

maximise the probability of the observed data, or the logarithm of the prob-

ability [28, 13]. Formally, this is

max ln P(x|θ) = ln
∑

j

P(j, x|θ) (3.9)

For the mixture model being considered this involves choosing the model

parameters, θ, which are the means, variances and mixing parameters, which
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maximise this log-likelihood.

However, the maximum-likelihood solution does not help in assigning

the residuals to different mixture classes. What is required is a technique

that finds the maximum-likelihood solution, at the same time as assigning

an optimal set of class variables to the residuals.

3.4.2 The EM Algorithm

The Expectation-Maximisation (EM) algorithm is an iterative procedure

for finding maximum likelihood solutions for models with unknown (hidden)

variables [17, 78]. In simple terms, it will be used here to find the maximum-

likelihood solution given the current set of class variables (the maximisation

step) and then find a better set of class variables based on the new model

parameters (expectation step). These steps are repeated until the decrease

in the log-likelihood function with each step is small.

Beginning with an arbitrary mixture distribution, R(j|x), the log of the

probability of the data given the parameters is

ln P(x|θ) = Z(R, θ) + KL(R ‖ P) (3.10)

where

Z(R, θ) =
∑

j

R(j|x) ln
P(j, x|θ)

R(j|x)
(3.11)

KL(R ‖ P) =
∑

j

R(j|x) ln
P(j|x, θ)

R(j|x)
(3.12)

(3.13)

In this equation KL(R ‖ P) stands for the Kullback-Liebler divergence. This

is a measure of the divergence of two distributions and satisfies

KL(P1 ‖ P2) > 0 when P1 6= P2 (3.14)

= 0 when P1 = P2 (3.15)



48 Restoring Images Damaged by Impulsive Noise

The first step of the EM algorithm involves maximising Z(R, θ) with

respect to the current parameters θold to give θnew. This is the M step

and is illustrated in Figure 3.3. This shows two 2-dimensional Gaussians

(represented by the circles, which represent a contour of equal probability)

being used to classify a set of 2-dimensional data. The sizes of the circles

represent the covariance of the distribution and their positions represent the

mean. Between the initial state and the diagram called the ‘M-step’, it can

be seen that new values have been determined for the covariances and the

means of the distributions. This is the M step.

Then the likelihood is again maximised, this time with respect to R, by

setting the Kullback-Liebler divergence to zero. This is the E step and is

achieved by setting

R(j|x) = P(j|x, θold) (3.16)

This step determines a set of probabilities for each observed data point.

These are the probabilities that the data point belongs to each of the classes.

In Figure 3.3 it can be seen that some of the data has been reassigned to

the different models, because the probability that they belong to that class

is now greater than for any other class.

Initial State M Step E step

Figure 3.3: Diagram to illustrate the steps in the EM algorithm

The E step is determined by calculating R(j|xn) as equal to

P(j|xn, θold) =
p(xn|j, θold)P(j)

p(xn)
(3.17)
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where

p(xn) =
∑

j

p(xn|j, θold)P(j) (3.18)

and the data is denoted by x = {x1, . . . , xn, . . . , xN}.

The M step is achieved by determining update equations for the parame-

ters. Update equations are derived by differentiating the likelihood function

with respect to each of the parameters and then setting the result to zero

and solving. This means that by dropping terms that do not depend on θ,

the M step is achieved by maximising

Q =
∑

j

R(j|x) ln P(j, x|θnew) (3.19)

with respect to each of the parameters in turn.

For the mixture model that is being considered, Q is

Q = −
∑

n

∑

j

P(j|xn, θold){ln P(j|θnew) − ln σnew
j −

(xn − µnew
j )2

2(σnew
j )2

} + const.

(3.20)

for j = 2 and j = 3. For the Laplacian (when j = 1) Q is

Q = −
∑

n

∑

j

P(j|xn, θold){ln P(j|θnew) − ln(1/λnew) − |xn|λnew} + const.

(3.21)

Q is maximised by differentiating it with respect to each of the com-

ponents of θ in turn and setting it to zero. This can be achieved using

Equations 3.17 and 3.18 and using the result

∂ ln u(x)

∂x
=

u′

u
(3.22)

For the mixing parameters, P(j|θnew), the constraint that
∑

j P(j|θnew) = 1

must be built into the maximisation. This is achieved by using a Lagrange
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multiplier. Thus, the function that is minimised is

Q + λ(
∑

j

P(j|θnew) − 1) (3.23)

The resulting update equations are

1/λnew =

∑

n P(j|e(xn), θold)|e(xn)|
∑

n P(j|e(xn), θold)
(3.24)

µnew
j =

∑

n P(j|e(xn), θold)e(xn)
∑

n P(j|e(xn), θold)
(3.25)

(σnew
j )2 =

∑

n P(j|e(xn), θold)(e(xn) − µnew
1 )2

∑

n P(j|e(xn), θold)
(3.26)

P(j)new = (1/N)
∑

n

P(j|e(xn), θold) (3.27)

The increase in the probability of the data given the parameters after

each iteration of the EM algorithm is therefore

ln P(x|θnew) − ln P(x|θold) = Z(R, θnew) −Z(R, θold) + KL(R ‖ Pnew)

(3.28)

Thus the EM steps have resulted in P(x|θnew) ≥ P(x|θold).

The EM algorithm is repeated iteratively to optimise P(x|θ). Once the

parameter values have converged to an acceptable precision, detection of

the corruption in the image can be achieved, in the simplest manner, by

designating each pixel as corrupted if P(j|e(x)) for j = 1 is less than that

for j = 2 or j = 3. In the results in this thesis convergence is halted when

the probability P(x|θ) begins to change by less than 4 decimal places.

Improved detection results are achieved by segmenting the image into

adjacent blocks and fitting separate mixtures to the data in each block.



3.5. Results 51

This reduces the effect of non-stationary statistics across the image.

3.5 Results

The results feature the ‘Bridge Stream’ image which is artificially degraded

with two types of impulsive noise. In each case the noise density is 10%. In

the first instance this noise is additive with half the impulses being +50 and

the other half −50, added to grey-scale levels of 0 to 255.

The degraded image is shown in Figure 3.4. Four methods were used

to restore it. The first two are stack filtering and median filtering and the

other two the EM based detection algorithm developed in this chapter and

the first of the two detection methods described in the paper by Mitra [59].

The stack filter and the median filter use a 3×3 mask and the stack filter

is trained on the damaged image and the original Bridge-Stream image. In

the two methods based on detection the detected noise is replaced with the

grey-scale value from the median filtered image. The EM algorithm method

splits the image into contiguous blocks 128 × 128 pixels in size and finds

a positive and negative threshold for each. The Mitra method, where the

threshold is not decided automatically, applies one threshold to the entire

image.

The restored images follow Figure 3.4 and are shown with their respec-

tive mean squared error (MSE) and mean absolute error (MAE) which are

calculated between the original undegraded image and the restored image.

The image resulting from the EM algorithm has very little noticeable

degradation. Although impulses still remain, they are not very noticeable.

It has the lowest MAE which reflects the very good balance between noise

suppression and preservation of image features that it has achieved. The

MSE for the stack filter image is lower, but this error measure is unreliable

for images damaged by impulsive noise as it over-emphasises impulses. It

does reflect the fact that the amount of noise removal is far higher while the



52 Restoring Images Damaged by Impulsive Noise

preservation of image features is good, but worse than with the detection

methods. For the median filtered image the MSE is 154.9 and the MAE

7.3, so it is clear that the stack filter improves on this immensely. Noise

suppression is almost complete with the median filter, but there is a large

amount of blurring of the underlying image.

The image restored using Mitra’s method was chosen to give a correct

detection level of around 90%. This leads to an image with a higher MAE

and MSE than the other restorations shown. It can be seen that the method

has also missed a lot of very noticeable impulses. Figure 3.8 shows a plot of

the number of correct detections against the number of false detections for

a varying threshold level. This kind of plot is known as a receiver-operator

characteristic. The figure also shows the outcome of the EM based method.

It can be seen that the EM based method has achieved a higher detection

rate for the level of false detections shown (68.1% for 1.3%). This level of

detections is quite low, but for this type of impulsive noise this low level of

detection is not very obvious on the restored image because most of the very

noticeable impulses have been detected and removed.

Figure 3.4: Bridge-Stream image damaged by 10% additive impulsive noise
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Figure 3.5: Restoration by stack filtering (MSE=73.48, MAE=3.14)

Figure 3.6: Restoration by using the EM based algorithm (MSE=110.01,
MAE=2.54)
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Figure 3.7: Restoration by using Mitra’s method (MSE=115.88,
MAE=3.62)

The second set of restored images shows the same image, but this time

the impulsive noise is replacement noise and takes on values of either 0 or

255 (the minimum and maximum grey-scale values). The noise density is

again 10%. The degraded image is shown in Figure 3.9.

The restored images follow Figure 3.9 and are shown along with their

respective mean squared error (MSE) and mean absolute error (MAE). The

stack filter window was increased to 5 × 5, because noise suppression was

very low with a 3 × 3 window.

A much larger proportion of the impulses have been removed by the

EM algorithm method this time. However, a large amount of impulses have

been missed from a block near the middle of the bridge. This is perhaps

why Mitra’s method has the lowest MAE and MSE even though generally

over the image undetected impulses are more noticeable. The image restored

using Mitra’s method was chosen to give a correct detection level of 88%

which is the same as the EM based algorithm.
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Figure 3.8: Correct detections plotted against false detections for the EM
based algorithm and Mitra’s detection method
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Figure 3.13 shows a plot of the number of correct detections against

the number of false detections for a varying threshold level. This figure

also shows the outcome of the EM based method. It can be seen that the

EM based method has achieved a higher detection rate for the level of false

detections shown.

The degradation model for the EM based approach is designed for addi-

tive noise. With replacement noise the outer modes of the error distribution

have a larger spread. In the second set of results the impulses are usually

significantly larger (or smaller) than the average grey-level of the underlying

image surrounding them and after filtering the modes of the distribution are

still well separated. Good thresholds are found even though the Gaussians

in the mixture have large variances and the method is able to perform well.

Figure 3.9: Bridge-Stream image damaged by 10% replacement impulsive
noise
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Figure 3.10: Restoration by stack filtering (MSE=119.78, MAE=3.65)

Figure 3.11: Restoration by using the EM based algorithm (MSE=71.73,
MAE=1.67)
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Figure 3.12: Restoration by using Mitra’s method (MSE=64.96,
MAE=1.65)

3.6 Conclusion

This chapter has looked at a number of ways of restoring images damaged by

impulsive noise. A new technique that takes a detect and repair approach

instead of a global filtering approach has been developed. It is based on

the rank-order model and makes use of the EM algorithm to automatically

decide threshold levels for removing impulsive noise.

Results suggest that the new algorithm does a very good job at balancing

the joint requirements of correctly detecting damage and not giving rise to

false alarms. The impulsive noise is usually reduced so that only the much

less noticeable impulses remain. It was compared to the detection technique

developed by Mitra which uses one predetermined threshold. The EM-based

detection method detected more of the corrupted pixels for the same false

detection rate. Noise removal and detail preservation were also very good.

The technique also performs well compared to stack filtering. It leads to



3.6. Conclusion 59

0 0.02 0.04 0.06 0.08 0.1
0.4

0.5

0.6

0.7

0.8

0.9

1

Mitra’s detection 
EM based detection

Figure 3.13: Correct detections plotted against false detections for the EM
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less damage to the underlying image features, although this is at the expense

of missing more instances of impulses. However, the restored images look

good as the missed impulses are generally the less noticeable ones. This is

reflected in the better MAEs for the EM based detection method.

In the next chapter the technique will be developed for use in restoring

images damaged by scratches to 2-inch video tape.



Chapter 4

Restoring Images Taken from

Scratched 2-Inch Video Tape

By the early 1970s a type of video tape recorder that read a 2-inch (50.80mm)

wide tape using transversal scanning was employed by most TV broadcast-

ing organisations, including the BBC. This system dominated TV produc-

tion at the time, although helical scanning has superseded this now (see

Appendix A).

For reasons which will be given later, the video sequences from this tape

are particularly adversely affected by scratches that run along the length

of the tape. These are caused by abrasive objects becoming caught in the

mechanism and rubbing against the tape as it is drawn through the video

player.

The damage consists of horizontal pulses one line thick with a comet-like

tail moving to the right (see Figure 4.3). Line jitter and line fading are also

caused by the scratch.

One further thing to note is that the degradation tends to appear in

the same place in each frame. This means that comparison of adjacent

frames does not aid detection or restoration as is the case for the work of

Chapters 6-7.

61
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In this chapter a rank-order model-based technique will be developed for

repairing these defects [9]. It can be compared to the technique developed

for impulsive noise removal in Chapter 3 although it uses additional methods

for restoring line jitter and line fading.

4.1 Existing Methods

A number of methods are being developed by groups collaborating with

the Aurora Broadcast-Image Restoration Project co-ordinated by the Eu-

ropean Union under the ACTS (Advanced Communications Technologies)

programme. However, none of these have as yet been published.

The paper by Harvey [36] presents a method of restoring the damage

caused by a scratched 2-inch video tape. A detect and replace strategy is

employed for dealing with the pulses. The other problems are not addressed

and line fading is treated as a very long bright pulse.

Detecting the damage is a sensible step because it only affects a small

proportion of the pixels in the image. Detection of the dark portions of the

pulses is done by comparing an intensity value, I0, in the image with the

value above, I−1, and below, I+1, as follows

IF (I−1 < (I0 − thresh)) AND (I+1 < (I0 − thresh))

THEN I0 = potential defect (4.1)

The value ‘thresh’ is chosen to be less than the difference between the average

image intensity and the intensity of the dark section of a pulse.

A similar threshold method is used to detect bright pulses

IF (I−1 > (I0 + thresh)) AND (I+1 > (I0 + thresh))

THEN I0 = potential defect (4.2)
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This method often detects only part of a pulse, so the paper goes on

to describe a method employing morphological filters that widens detec-

tions horizontally so that detections relating to the same pulse are joined

together. The detections are also widened at the edges where the pulses are

less noticeable and thus less likely to be detected.

Reconstruction is then achieved with a median filter with the support

shown in Figure 4.1. This support is chosen to reject the pulse and replace

it with information from the lines above and below.

This method leads to very good restoration, but relies on the manual

setting of thresholds that depend on the particular sequence being restored.

It tends to remove all horizontal features that are one line thick from the

image, even if they are part of the image and treats line fade as simply a

long bright pulse (see the results section at the end of the chapter).

Figure 4.1: Median Predictor Support

4.2 A Rank-Order Model-Based Method

The first stage of this restoration method is the detection of the pulses.

Information about the location of the pulses will be of use not only for their

removal but also for detecting line fading and line jitter.
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4.2.1 Detecting the Pulses

Since the locations of the defects are temporally correlated, each frame of

the degraded sequence must be treated separately.

The method involves forming models for the underlying image and for

the degradation. Each of these is based on a median prediction of a pixel in

the image with the support shown in Figure 4.1. This support is deliberately

chosen to remove horizontally lying pulses from the image.

As in the previous chapter, a model for the observed degraded image,

G, using a multidimensional distribution of the residuals, is defined as

G(x) = Sp(G(x + q)) + e(x) (4.3)

This is as defined in the previous chapter except that q = {q1, . . . , q11}
describes the support shown in Figure 4.1 with the top right position missed

out so that there is an odd number of inputs to the predictor window. The

mixture used for the residuals is again a central Laplacian and two outlying

Gaussians.

The EM-based method described in the previous chapter is used to assign

the residuals to the mixture. The implementation used splits the image into

adjacent blocks of 64 × 80 pixels in size. The detection algorithm using the

EM algorithm is applied to each of these blocks in turn.

Occasionally the EM algorithm was observed to give a solution where

the mean of one or both of the Gaussians falls to zero. This happens when

there is very little degradation in the block and the solution is to designate

all the errors belonging to the Gaussian in question as being uncorrupted.

This can cause the method to miss a small amount of the degradation.

The detection map can be improved by taking into account the recurring

nature of the pulses. This is described next.
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4.2.2 A Further Step to the Detection Process

The video tracks on a 2-inch transversally scanned video tape are laid down

in much the same pattern as those on a helically scanned tape (see [40] and

[87]). The tracks run from near the top of the tape to near the bottom

and are slanted because the recording head moves vertically up the tape as

the tape itself moves. Around twenty tracks are laid down for every field –

unlike modern helically based formats – so a scratch running in the direction

of the tape causes a number of pulses on the image.

The four-headed scanning drum rotates at 250rev/s, so the scratch is

traversed every millisecond. The period between each impulse on the image

can be determined from knowing that each line of each field is drawn in 64

microseconds and that one sixth of this is taken up by the retrace stroke

(see Figure 4.2). A cue signal which limits line-jitter can cause the relative

position of the pulses to alter, so the search process aims to look not only at

the expected position of successive scratches, but also to either side. Four

pixels to either side was found to work well for the sequences tested, but

this may vary for other sequences.

By this analysis of the configuration of the tracking mechanism an ‘in-

telligent’ search procedure can be determined which allows the detection of

instances of damage that originate from the same scratch.

A detection map is created that contains entries made up as follows.

For each detected instance of damage a number is determined which is the

number of times that another detection can be found that would have been

caused by the same scratch. This means that detections are searched for

that relate to degradation that has occurred at a multiple of the millisecond

time-period apart.

By rejecting all the points in the detection map that fall under a certain

threshold then the detections that reoccur many times and are thus linked to

the scratch can be detected. In the ‘Rosie’ sequence a lot of false detection

occurs around the title graphic. False detections of pulses only reappeared

around 4 times, whereas the pulses caused by the scratch were found to
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reoccur around 20 times. A threshold of 10 was found to be a robust value

for this sequence and also for one from another BBC series ‘Open All Hours’.

Peak White

Mid Grey

Black Level

Front PorchBack Porch

Picture Information from one TV line

64 sm

53.33 sm10.66 sm

Sync Pulse

Figure 4.2: Video signal from a 2-inch tape

4.2.3 Reconstruction

The very simple method of replacing all the detected damaged pixels with

the corresponding pixels from the median filtered image leads to very good

reconstructions. Better interpolants could be found, but as the errors are

only one line deep, this approach gives visually pleasing reconstructions.

4.2.4 Restoring Line Jitter and Line Fading

In the same track as the video picture data there is also timing information

for each line of video and a reference level that sets the black, or minimum

intensity level of the signal (see Figure 4.2).

Line jitter occurs when a scratch obscures the synchronising (sync) pulse

that prompts the drawing of a new line. The resulting line is drawn too far

to the right.

The video signal contains a reference signal that represents black or mini-

mum intensity. This occurs during a period just before the video information
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called the ‘back porch’. If this level is altered by a scratch then a ‘clamper’

circuit sets an incorrect reference level. The incorrect level affects successive

lines of the field, although less pronounced each time, because the clamper

circuit is an RC circuit with a large time constant, so its output reference

voltage falls slowly.

The previous study of the regular reocurrence of scratch artefacts can

give an idea of when the scratch would obscure synchronisation and black

level information. This leads to the determination of candidates for line

jitter and line fading.

Line fading can be restored by making use of the fact that the problem

affects lines in a field. This means that the lines immediately above and

below the faded line are unaffected. By making the average value of the

faded line equal to the average of the averages of the line above and the

line below the fading is cancelled out. This is repeated for the six field lines

below the first faded line.

Line jittering is restored very simply by progressively moving the line

to the left by replicating the intensity value on the right and dropping the

one on the left. This is repeated to find which displacement, d, gives the

minimum of

N∑

i=1

(|Id(i, j) − I(i − 1, j)| + |Id(i, j) − I(i + 1, j)|) (4.4)

where Id(i, j) is an intensity value from the jittered line, at position (i, j),

displaced by d pixels to the left. The line is N pixels wide and I(i− 1, j) is

a pixel from the line above and I(i + 1, j) is a pixel from the line below.

4.3 Results

Figure 4.3 shows an image from the ‘Rosie’ sequence. This is a heavily cor-

rupted sequence, displaying damage from a number of scratches. Figure 4.4
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shows the reconstruction of the image following the pulse removal stage. It

can be seen that most of the pulses have been completely or mostly removed.

There are four pulses one above the other on the right of the image that

have not been removed. A close examination of the original image shows

that these pulses do not come from the same scratch as any other pulses in

the picture. Why they do not reoccur with the 64µs period is not known.

Figure 4.5 shows the image after the further step of line de-jittering and

Figure 4.6 after the correction of line fading. This final image appears to the

eye to be very well restored, with excellent preservation of image detail and

edge features such as those of the title graphics. There is some interference

patterning on the ‘R’ of the title and some dark blotches to the left of the

arm. These are not caused by the scratch and do not appear in the same

place from frame to frame. The only scratch related artefacts that remain

are the pulses on the right of the image.

This restoration can be compared to a typical restoration achieved using

the method by Harvey et al. This method has removed most of the artefacts,

but there is loss of detail and smoothing of edges, which is most noticeable

on the title graphics. The line fading has not been well restored, which is

even more noticeable when the full sequence is played, as the faded lines

pulsate when unrestored. This very disturbing effect is removed using the

techniques developed in this chapter.

The method presented in the paper takes around 50 times longer than

Harvey’s method. The main computational load is in the detection process.

For programs running in Matlab 5.1, on a 200MHz Pentium Pro PC, each

iteration of the EM algorithm takes on average around 6 seconds for each

of 81 equal sized adjacent blocks in a frame of 576 × 720 pixels. The actual

time to convergence varies from block to block. The rest of the program

takes around 10 seconds to run.

For Harvey’s method working on the ‘Rosie’ sequence the median pre-

diction time is cut by 3 times, because the operation is only applied to the

areas of the image detected as degraded. The rest of the technique (without

blind-spot detection and removal in the implementation used) takes under
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Figure 4.3: First frame from degraded Rosie sequence

Figure 4.4: First frame from Rosie sequence after pulse removal stage
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Figure 4.5: First frame from Rosie sequence after pulse removal, line de-
jittering

Figure 4.6: First frame from Rosie sequence after pulse removal, line de-
jittering and restoration of line fading
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Figure 4.7: First frame from Rosie sequence restored using Harvey’s
method

10 seconds.

4.4 Conclusions

The model-based approach developed in this paper leads to a very high level

of correct detection of the pulses. Although rival methods are significantly

faster, this new technique leads to much better preservation of important

image features, such as edges, and works without the use of manually set

thresholds. The detection is the most computationally intensive part of

the program, but as it uses a large amount of loops, it is quite inefficient

in Matlab and could benefit greatly from being implemented in parallel

architecture or coded in a language such as C. Consequently, a real-time

implementation can be envisaged.

The additional removal of line fading and line jitter leads to very good
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restoration of the damaged images. Each type of corruption is restored sep-

arately and appropriate techniques have been applied to each one. Signifi-

cantly, the method does not confuse impulsive degradation with line-fading,

which if incorrectly restored causes a very noticeable flickering when the full

sequence is played.



Chapter 5

Interpolation of Missing

Regions of Images Using

Rank-Order Models

5.1 Introduction

Bright and dark blotches that represent areas of missing image data are types

of degradation that appear frequently on film and video. Often the damage

is bad enough that the original image data is completely obliterated. The

next three chapters propose schemes for repairing such degradation. This

chapter proposes an interpolation scheme that is based on the rank-order

model.

Previous work has involved interpolating the missing data using a linear

prediction structure as a basis for the interpolation [49, 46]. This method

reconstructs fine image detail well but unfortunately smoothes out edges

which are very important for the visual appreciation of an image. The aim

of this chapter is to investigate rank-order based interpolation to determine

what effect the characteristics of this model has on the restoration and

73
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also how the scheme compares in terms of speed and complexity to other

methods [6].

First, let us consider linear interpolation, which is probably familiar to

the reader.

5.2 Interpolating Missing Regions in Images

With a Linear Structure

The underlying assumption in a linear interpolation scheme is that the miss-

ing data can be determined by choosing interpolation values that minimise

a sum of the squared prediction errors over the missing area. For this linear

case it is possible to derive a closed form solution for the set of interpolation

equations and so the interpolants can be determined very quickly.

Linear interpolation using an AR predictor is used in [49]. The co-

efficients of the linear predictor are estimated using weighted least squares

where the weights are used to annul the effect of the missing data by weight-

ing these areas out.

5.3 Interpolation Using a Rank-Order Based

System

Setting up the interpolation problem when a rank-order model is used is

very similar to the linear case except that it results in a system of non-

linear equations which have no closed form solution.

The rank-order model, considering here a 1-D signal, y, for simplicity, is

y(n) = RO(. . . , y(n − 2), y(n − 1), y(n + 1), . . . ) + e(n) (5.1)
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where RO is a min-max function of a set of intensity values that does not

include y(n) and e(n) is the prediction error.

A prediction equation, Equation 5.1, may be written at every pixel site

that involves a missing pixel either at that site, or in the support of the

predictor. To determine the interpolants, the sum of the squares of the

prediction errors, E =
∑n

i=1 e(n)2, is minimised with respect to the values

of the missing intensity values.

A suitable min-max function for the set of data can be determined using

stack filtering methods [79, 90]. Although usually used to determine a filter

structure they can be used to determine an optimal predictor for the image

data by choosing a support that does not contain the pixel to be predicted.

An advantage of using the predictor is that the training stage does not

require both clean and degraded versions of an image, as is the case with

the stack filter. Training can be done on a single degraded image, because

predictions of the central pixel are based on pixels surrounding it. It is

advisable to weight out the areas of missing data when determining the

coefficients of the rank-order predictor, so they do not affect the result.

5.3.1 Differentiating the Interpolation Equation

The first step to differentiating E uses the chain rule, which is

dy

dx
=

dy

dt
× dt

dx
(5.2)

Using this result on E gives

∂E

∂y(i)
= 2

∑

n[(y(n) − RO(. . . , y(n − 2), (5.3)

y(n − 1), y(n + 1), . . . )) × ∂(−RO(. . . ))

∂y(i)
]

where y(i) is one of the missing pixel values.

The next step is to determine ∂(−RO(... ))
∂y(i) . For this the following results
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are used

∂(max(y(i), k))

∂y(i)
= u(y(i) − k) (5.4)

∂(min(y(i), k))

∂y(i)
= u(k − y(i)) (5.5)

where u(k) is the unit step function and k is a min-max function that does

not depend on y(i). This is illustrated in Figure 5.1.

k y

d(max(y,k))/dy

k y

d(min(y,k))/dy

0

0

1

1

Figure 5.1: Top: derivative of max function . Bottom: derivative of min
function.

The difficulty that remains is to write down the derivative of a given

min-max function using these standard forms. A given min-max function,

RO(·), can be written as the maximum of a series of minimums, some of

which depend on y(i) and some of which do not, for example

max(min(g1),min(g2),min(g3, y(i)),min(g4, y(i)))

or

max(min(g1),min(g2),min(max(min(g3),min(g4)), y(i)))
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where ‘g’ denotes a list of variables that does not include y(i) (for example

y(n − 3),y(n − 1),y(n + 1)).

It can be shown that

∂RO

∂y(i)
= u(y(i) − max(min(g1),min(g2)))

× u(max(min(g3),min(g4)) − y(i)) (5.6)

The proof of this result involves realising that the following conditions

must apply for the output of the min-max function to be y(i) and the deriva-

tive equal to 1

max(min(g3),min(g4)) > y(i)

and

max(min(g1),min(g2)) < y(i)

and that in all other cases the output is not y(i) and the derivative is 0.

An example to illustrate the determination of the derivative follows. The

case of a single missing data point in a data series is considered. The data

is as follows

17, 1, 40, ↑, 6, 91, 93

where ↑ designates the missing data point.

It is then proposed to model this data with the following rank-order

model

y(n) = max(min(y(n − 1), y(n − 2)),min(y(n − 1), y(n − 3))) + e(n) (5.7)
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The sum of squared errors is, therefore,

7∑

n=4

e(n)2 =

7∑

n=4

[y(n) − max(min(y(n − 1), y(n − 2)),

min(y(n − 1), y(n − 3)))]2 (5.8)

The derivative is

∂
∑7

n=4 e(n)2

∂y(4)
= 2e(1) − 2e(2)u(max(y(3), y(2)) − y(4))

− 2e(3)u(y(5) − y(4))u(y(4) − min(y(5), y(3)))

− 2e(4)u(y(6) − y(4))u(y(4) − min(y(6), y(5))) (5.9)

Assuming that the missing value can take values between 1 and 100,

Figure 5.2 shows the range of values that the squared sum of errors can

take for the different values of the missing data point. The derivative from

Equation 5.9 of this curve is shown in the lower plot of Figure 5.2. It can

be seen that the global minimum is at y(4) = 55. This value is taken as the

interpolant.

With linear interpolation the interpolation equation is solved by setting

its derivative to zero and solving for the unknowns. A closed form solution

is possible in this case. However, it can be seen from Equation 5.9 of the

previous example that such a solution is not possible when the interpolation

equation is based on the rank-order model.

The derivative could also be of use in an optimisation scheme for finding

the minimum value of the interpolation equation; however, the plots show

that local minima can arise. This is not the case when the AR model is

used. This has implications for the choice of optimisation strategy that is

to be used to find the global minima of more complicated systems where

a full search employing all possible combinations of the unknowns is too

computationally tasking.

What is not clear from the example given is whether local minima can

represent good interpolations. The point corresponding to the local mini-
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Figure 5.2: Top: Plot of values of Equation 5.8 (y axis) against varying
values of the interpolant (x axis) Bottom: Calculated derivative of top curve.
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mum in this case would make sense as an interpolant. However, experiments

with larger areas of missing data in images have shown that local minima

are generally much worse as interpolants than the interpolants at global

minima.

5.4 Optimisation Strategy - Simulated

Annealing

Minimising an error equation based on a rank-order model requires much

care. Gradient information could help greatly to find a quick route to the

minimum, but sometimes local minima occur. Here simulated annealing

is proposed for optimising the interpolation equation in order to avoid the

results converging to a non-global minimum.

Simulated annealing is a stochastic technique (see Geman and Geman [32],

Neal [61] and O’Ruanaidh [71, 70] for descriptions of the method) that avoids

local minima by employing random jumps from one place in the search space

to another. A parameter called the ‘temperature’ determines the size of these

jumps and is slowly reduced to enable the method to settle down gradually,

one hopes, near to the global minimum.

The technique is analogous to crystal formation in a slowly cooling metal.

A pure crystal represents a minimum energy state and the molecules slowly

orient themselves into this structure as the temperature falls. This is known

as annealing. A metal that is cooled very rapidly (quenched) forms into an

irregular crystal that represents a higher energy state than the pure crystal1.

1The value of the interpolation equation is thus analogous to energy and ‘interpola-
tion energy’, or simply ‘energy’, is a useful term to adopt to describe the value of the
interpolation equation.
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5.4.1 Simulated Annealing with the Downhill Simplex Method

The simulated annealing algorithm employed in this thesis is based on the

simplex downhill optimisation method [67]. This is a multidimensional op-

timisation method that uses a geometrical figure called a simplex which in

n-dimensions consists of n + 1 vertices. In three dimensions the simplex

is a tetrahedron. This is shown in Figure 5.3. This figure also shows the

various transformations that are used to move the simplex down a multi-

dimensional surface. The most common is the reflection where the highest

point is moved through the opposing face to a point lower than the lowest

vertex of the simplex. If the reflection can extend further then it is followed

by an expansion. If, however, the reflection did not give a valid point the

simplex is contracted (either from the highest point or from all points except

the lowest) and a reflection is again attempted.

The annealing algorithm transforms the points of the simplex so as to

search for the route that minimises the error. However, in order to avoid

local minima the vertices of the simplex are randomly fluctuated each time

they are observed and new points are accepted if they lead to an error that

is less than a sum of the previous error and a positive random fluctuation.

In this way, a downhill move is always accepted, but occasionally an uphill

move is accepted. This means that the algorithm can avoid convergence to

a local minimum.

The amount of fluctuation is equal to the temperature multiplied by

a logarithmically distributed random variable. This mimics Nature’s own

thermodynamic systems where the Boltzmann distribution,

P(E) ∼ exp(−E/kT ) (5.10)

(where k is the Boltzmann constant), theoretically describes the distribution

of energies in a thermal equilibrium at temperature T . The probability that

this system will change from energy E1 to E2 is given by

p = exp(−(E1 − E2)/kT ) (5.11)
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Initial Simplex 1. Reflection

2.Reflection
and expansion

3. Contraction

4. Multiple
contraction

Highest point

Lowest point

Figure 5.3: Possible transformations of a simplex for minimisation in a
3-dimensional space
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If E1 < E2 then the probability is defined to be 1. This means that the

system will always take the opportunity to move to a lower energy but can

also move to a higher energy.

5.4.2 The Annealing Schedule

The success of the annealing process is very much dependent on the anneal-

ing schedule of the temperature. If the temperature is reduced too quickly

then the algorithm might be unable to jump out of a local minimum. The

annealing schedule determines how the temperature is reduced.

Geman and Geman [32] describe the logarithmic schedule where the

temperature is reduced according to

Tt = T1/ log(t), for t > 1 (5.12)

where Tt is the temperature at time t. The parameter T1 can be chosen

so that the final energy state is guaranteed to be at the global minimum.

However, this is an extremely slow schedule and is thus not practicable.

The annealing schedule used in this thesis is the simple geometric anneal-

ing schedule (other schedules are detailed in Neal [61] and Ruanaidh [71, 67]).

The temperature is reduced according to

Tt+1 = αTt, 0 < α < 1 (5.13)

Values for α are chosen by trial and error and it was found that an annealing

coefficient, α, of about 0.996 always led to satisfactory minimisation. This

corresponds to a reduction of about 0.7 every 100 iterations of the simplex.

The initial temperature was assigned as the maximum value of the energy

function over the points of the simplex. As a rule of thumb the initial

temperature should be larger than the largest expected change in energy

over the search space.

The temperature is reduced until it is less than 0.1. At this point, it

is assumed that the results have converged to a place near to the global
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minimum. The known data consists of integers and so adding random fluc-

tuations of a maximum of 0.1 should have little effect on the result. The

temperature is further reduced to 0 and the minimisation continued until

the change in the value of the interpolation equation is less than some small

tolerance. Results showing interpolations with this method are presented in

Section 5.7.

5.5 The Absolute Error

The use of the absolute error in the interpolation equation instead of the

squared error leads to some interesting effects. The search space is in some

senses similar whether the squared error or the absolute error is used. Some

examples of simple cases will make this statement clear. Figure 5.4 shows

the values of the interpolation equation with the absolute error for a single

point from the series 10,10,10,*,50,50,50 – where * is the missing point. The

rank-order model used is

y(n) = median(y(n − 1), y(n − 2), y(n − 3)) + e(n) (5.14)

It can be seen that the absolute error curve has straight sides instead

of the quadratically curved ones that the squared error gives. The most

important difference is the minimum. Whereas in the squared error case

the curve would have a unique minimum at 30, the use of the absolute error

leads to a plateau of points of equal error. Any point on this plateau makes

sense as an interpolant for the missing point. However, it is very interesting

to realise that the best interpolants, 10 and 50, lie at the extremes of the

plateau. The question is, does this ability to interpolate a step in this way

extend to more complicated cases?

Another example involves two points. The data is 10,10,10,*,*,50,50,50.

When the same model is used this leads to a square shaped error surface,

with vertices at (10,10)(10,50)(50,10)(50,50). Clearly the third of these is



5.5. The Absolute Error 85

not a good set of interpolants. However, when a min or max operator is sub-

stituted for the median then the error surface shown in Figure 5.5 results.

The minimum is a triangular plateau with vertices at (10,10)(10,50)(50,50).

All the points in the triangle make sense as interpolants but excellent inter-

polants are at the vertices of the triangle. The point (50,10) is no longer on

the plateau as it was when the median was used.

This shows that rank-order interpolation can be used to determine good

interpolants for larger areas involving edges, but the success of this depends

on the model chosen.
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Figure 5.4: Interpolation equation values for one missing point with the
absolute error.
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Figure 5.5: Interpolation equation values for two missing points with the
absolute error and exhibiting a triangular plateau.
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5.5.1 Differentiating the Interpolation Equation

The interpolation equation can be differentiated when the absolute error is

used. The following formula is useful for the first stage of this differentiation

∂ | RO |
∂y(i)

= sign(RO)
∂RO

∂y(i)
(5.15)

The derivation of the derivative then continues as before.

For the examples given in Section 5.3.1, with rank-order model

y(n) = max(min(y(n − 1), y(n − 2)),min(y(n − 1), y(n − 3))) + e(n),

(5.16)

the sum of absolute errors is

7∑

n=4

| e(n) |=
7∑

n=4

| max(min(y(n − 1), y(n − 2)),min(y(n − 1), y(n − 3))) |

(5.17)

The derivative is then

∂
∑7

n=4 | e(n) |
∂y(4)

= sign(e(1)) − sign(e(2))u(max(y(3), y(2))

− y(4)) − sign(e(3))u(y(5) − y(4))u(y(4) − min(y(5), y(3)))

− sign(e(4))u(y(6) − y(4))u(y(4) − min(y(6), y(5))) (5.18)

Again, it is clear that setting this to zero will not lead to a closed form

solution. A similar optimisation as that used with the squared error will

need to be applied to again avoid getting stuck in local minima, which also

occur when the squared error is used.
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5.5.2 Optimisation Strategy with the Absolute Error

The optimisation strategy when the interpolation equation is calculated with

the absolute error has to take into account that plateaus2 can occur at any

place in the search space and so the technique must not become stuck there.

As with the squared error, the scheme should also be able to move out

of local minima. Again, the choice of simulated annealing should help to

alleviate this problem.

The implementation of simulated annealing in this case was the same as

for the squared error. It was found that the same annealing schedule worked

well when the absolute error was employed.

A second issue is that once the global minimum has been found it must

be decided whether to take the value arrived at, or check whether the point

belongs to a plateau and then search for one of the vertices of the plateau

under the assumption that such points will lead to better reconstruction of

step type features. The method described in the following subsection shows

how to search for a better interpolant on a plateau.

Searching for a Vertex on the Plateau

Once a global minimum has been found using simulated annealing, attempts

can be made to pull the solution across the plateau so that the interpolants

fit in better with the surrounding image data.

This means that new interpolants are chosen to make them closer to the

intensities surrounding them. This is started with the pixels on the outer

edge of the missing area. The first stage is to choose one of the pixels and

increase or decrease it depending on which makes it closer to the value of

the nearest pixel from outside the missing area – there may be more than

one pixel that is close; one is chosen from amongst these. If the new value

does not increase the value of the interpolation equation then it is accepted

2Here ‘plateau’ is taken to mean a region of the multidimensional surface that has
equal energy. The region will have at least one dimension less than the dimension of the
search space.
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and replaces the old interpolant.

This process is repeated around the missing area and then progressively

towards the centre. When this stage is completed the process is begun again.

The process is ended when an entire sweep of the missing area does not give

any new intensity values.

5.6 Computational Complexity

The methods outlined in this chapter are far more computationally demand-

ing than reconstruction using an AR model where the interpolants are the

solutions of a set of linear equations. These equations can be solved using

linear algebra and thus the computational complexity is very low.

As a useful comparison it is good to compare the times required to repair

a 5×5 block of missing data with an 8-point predictor. The AR interpolation,

in a program written in C on a Pentium Pro 200 MHz machine, takes a

second to do 10 blocks, including the time to print out the results. The

rank-order interpolation using an 8 point stack predictor takes around 10

minutes per block. The training of the stack predictor takes only a few

seconds.

This illustrates the vast difference that exists between the analytically

tractable AR interpolation and the rank-order implementation. In the fol-

lowing chapter, which approaches the problem from a probabilistic perspec-

tive, the situation of the rank-order method is much improved. In this

chapter the results will concentrate on the type of reconstructions that re-

sult from using rank-order interpolation. This will give an idea of whether

the use of the model is more advisable in certain circumstances and it will

give an idea of what these circumstances are.
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5.7 Results

5.7.1 Results Using the Squared Error

The Regions Image

Figure 5.6 shows an image called ‘Regions’ which consists of sharp edges and

flat regions. Blocks of missing data 5 × 5 pixels in size are shown as white

squares. These regions are reconstructed using rank-order interpolation with

the squared error and AR interpolation. The reconstructions are shown in

Figure 5.7.

Simulated annealing with the downhill simplex method was used to min-

imise the rank-order interpolation equation. The predictor used was a 3× 3

median predictor, with the top left-hand position missed out to give an odd

number of positions in the support. The position of the predicted pixel was

located at the centre of the support.

In the case of the AR interpolation a 7× 7 window mask was used with

the predicted pixel located in the centre. Note that for the AR interpolation,

which involves matrix inversion, a small amount of white Gaussian noise was

added to the image to avoid ill-conditioned matrices.

These figures illustrate that the rank-order based interpolator interpo-

lates edge features very well whereas AR interpolation sometimes has prob-

lems with edges. Although the AR interpolation program was able to deter-

mine good coefficients for reconstructing the vertical and horizontal edges

which were well reconstructed, this was not possible for the diagonal edge

and the corner. The results are a smudge.

The reconstruction of the corner feature again demonstrates that the

rank-order model is better at reconstructing edge type features. Although

the edge has been cut off, the reconstruction does well at creating a sharp

edge type feature.
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Figure 5.6: Locations of missing data in ‘Regions’ image

Figure 5.7: Regions image reconstructed using (on the left) rank-order
based interpolation with the squared error and (on the right) AR based
interpolation.
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Mandrill

Figure 5.8 shows a detail of the ‘Mandrill’ image with areas of missing data,

6× 6 pixels in size. Some of the blocks of missing data have been displaced

to lie on edge features.

Figure 5.9 shows the image reconstructed using rank-order based inter-

polation. A 7× 7 median predictor is used. The top left pixel is missed out

to give an odd number of positions in the window mask and the pixel to

be predicted is located at the centre of the mask. Simulated annealing was

used to minimise the interpolation equations.

Figure 5.10 shows the image reconstructed using rank-order based in-

terpolation with a stack predictor trained on the entire Mandrill image. A

3× 3 stack predictor is used. The top left pixel is missed out to give an odd

number of positions in the window mask and the pixel to be predicted is

located at the centre of the mask. Simulated annealing was used to minimise

the interpolation equations.

Figure 5.11 shows the image reconstructed using AR based interpolation.

The same predictor support as for the 7× 7 median predictor above is used

except that the top left-hand position is not missed out.

There is a clear improvement in the interpolations with the use of the

stack predictor instead of the median predictor. In all cases the reconstruc-

tions are either similar or, particularly in the case of the hair and diagonal

stripe to the left of the nose, the reconstructions are much better.

In general the interpolated regions for all methods appear to fit in well

with the rest of the image. It is perhaps surprising that an interpolation

scheme based on a rank-order predictor can reconstruct the hair texture so

well, though it is clear that the median predictor often looks flatter than the

AR and the stack predictor results. The AR interpolation has reconstructed

the hair texture well, but has not performed as well as the rank-order inter-

polations in the block on the left of the eye and the block over the diagonal

stripe on the flat region to the left of the nose.



5.7. Results 93

Figure 5.8: Locations of missing data. (Some blocks have been placed over
edge features.)

Figure 5.9: Mandrill image reconstructed using median based interpolation
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Figure 5.10: Mandrill image reconstructed using rank-order based inter-
polation

Figure 5.11: Mandrill image reconstructed using AR based interpolation
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5.7.2 Results Using the Absolute Error

Figure 5.12 shows the ‘Regions’ image from the previous section. Once again

it is interpolated using the same 7 × 7 median predictor as in the previous

section, but this time the interpolation is based on the absolute error. In

every case except the corner, multiple solutions were found and the most

appropriate was determined according to the method described previously.

Notice that in each case the results are exactly the same as were obtained

by using the squared error. Unlike in the 1-dimensional examples discussed

previously in this chapter, the squared error leads to sharp reconstructions

of non-linear type features just as the absolute error does.

For more complex cases, such as with the ‘Mandrill’ image, plateaus were

not found. Results were very similar to the squared error. This suggests

that in more complex real-world images the use of the absolute error does

not present any advantage over the squared error.

Figure 5.12: Regions image reconstructed using rank-order based interpo-
lation and the absolute error
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5.8 Conclusion

This chapter has shown how to construct a non-linear interpolator based on

rank-order operators and how to calculate the derivative of a given rank-

order based interpolation equation. The derivatives show that the min-

imisation of the error equation is a complicated problem without a closed

form solution and with local minima. The technique of simulated annealing

has been employed to search the interpolation space and arrive at a global

minimum.

The results presented for the squared error case show that the rank-order

interpolator gives a pleasing reconstruction that performs well for different

image features. It is clear that the use of a stack predictor that is trained on

the image leads to better results than using a median predictor. The main

differences are that sometimes the hair texture on the mandrill is recon-

structed less well with the median based interpolation. The reconstruction

is generally a little flat in this case. The results for stack predictor based

interpolation are as visually pleasing as those obtained using AR based in-

terpolation. However, edge features are reconstructed better by the stack

predictor and the median predictor. This behaviour is as might be expected

given the effect that rank-order filters have on images.

The chapter has also demonstrated the effect of interpolating using the

absolute error criterion. Is has been shown that this involves a few more

considerations because there are regions of equal error in the error space.

The search algorithm has to be careful not to become stuck at such places.

The chapter has proposed using simulated annealing to avoid the results be-

coming stuck. Once a global minimum has been found there is a possibility

that this global minimum is also part of a region of equal error. Consider-

ation has been given to determining whether this is the case and, if so, to

determining a single interpolation from the choice of several in the region.

Results have shown that the absolute error in 1-dimension can lead to bet-

ter interpolants of step edges. However, this is a complicated situation and
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depends on the model chosen.

In the Regions image no cases were found where the absolute error led

to different results from the squared error. However, regions of constant

interpolation error were found in the search space. This led to a more

complicated solution without better results.

The huge amount of computation is an important factor that limits the

usefulness of rank-order based interpolation, especially as AR based inter-

polation yields an efficient closed form solution and is thus very fast. In

the next chapter, however, the idea of reconstructing images using rank-

order based models is pursued and another implementation will be devel-

oped which will be shown to restore active regions better and will also work

much more quickly.
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Chapter 6

A Probabilistic Approach to

Reconstruction

This chapter details an investigation into the use of rank-order models in

a probabilistic framework for reconstructing missing areas of images. This

involves using Bayesian inference to sample from the posterior probabilities

for the missing data.

Another element that this chapter introduces is the concept of recon-

structing sequences of images. As explained in the introduction to the the-

sis, the instances of missing data in film and video are well documented and

there is a large amount of film and video material that requires work on

the detection and reconstruction of missing data before it can be shown.

Detection of missing data can also be achieved automatically.

Examples of reconstructions in image sequences and single images will

be shown, the latter in order to allow comparison of reconstructions with

the techniques of the preceding chapter.

99
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6.1 Background History and Gibbs Sampling

Stochastic modelling using Markov Chain Monte Carlo (MCMC) methods

such as the Gibbs Sampler, was first introduced into signal processing by

Geman and Geman [32]. It originated in statistical physics where it was used

for experiments where uncertainty in measurements was a significant factor

affecting simulations. The paper started a revolution in signal processing,

which was facilitated by the increasing speed and power of computers. The

new MCMC techniques promised solutions to problems that had seemed

unsolvable. But, these new techniques required a lot of processing time.

Techniques of MCMC include Gibbs Sampling [32, 31] (which is described

later), the Metropolis-Hastings algorithm, of which the Gibbs Sampler is a

in fact a special case, and the hybrid-Monte Carlo algorithm [61].

MCMC techniques have come to be used in a wide range of applications.

Their use for image restoration originated in the restoration of time series

data such as audio signals. An autoregressive (AR) model was used which

consists of a linear predictor, used in a wide range of signal processing ap-

plications, with an assumption of a Gaussian noise process. This came to be

applied to audio signals which are known to fit AR models quite well [83].

Audio restoration was undertaken by a number of people [70, 34] who used

the Gibb’s sampler to draw samples for the missing data. These techniques,

commercialised by the company CEDAR, have been used extensively to

restore old recordings for re-release on CD and were also used to repair

and enhance the soundtrack of the Star Wars Special Edition films. Such

degradation as missing data, spikes caused by cracked gramophone records,

noise reduction and signal source separation have all been formulated in the

Bayesian framework that will be used here for images (see, for instance,

[34]).

These ideas have been applied to the problem of restoring missing data in

image sequences. Kokaram et al. [46, 43] first used an interpolation method

as outlined in the previous chapter but then developed a joint model-based

detection and interpolation scheme (known as JOMBADI). This technique

provides for AR modelling of the image with an assumption of a Gaussian
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excitation and modelling of the motion and the areas of missing data all

within the same Bayesian framework.

The joint posterior probabilities cannot be calculated for this complex

problem hence the MCMC method is employed; however, it is possible to

derive the probability functions that should be sampled from for each of the

components: the missing data, the model parameters, the motion vectors,

the locations of missing data. The method entails drawing samples from

each of these distributions in turn using a Gibbs Sampler. It will be shown

that such a thing is also possible with the rank-order model but as it is not

possible to derive analytical equations for the posterior for the missing data

then a direct method of calculating the posterior must be used. It will be

shown how this is achieved.

The inability to derive an equation for the posterior of the missing data

means that a joint multivariate draw for the whole block of missing data is

not practicably possible. It would be too time consuming and complicated

to draw for more than one variable using the direct scheme. Hence, the

use of the rank-order model at first sight seems to be leading to a slower

implementation of the sampling procedure. However, it will be shown that

the nature of the rank-order model leads to very fast convergence and there

are ways of exploiting the structure of the rank-order operators to give a

faster way of drawing samples from the posterior density for the missing

data.

6.1.1 The Gibbs Sampler

The probabilistic framework that will be developed in this chapter uses

the Gibbs Sampler [32, 31]. This is a method of drawing samples from a

complicated multivariate density. It does this by breaking the problem down

into several draws from densities of smaller dimensionality.

In the implementation used here the draws are from univariate densities.

This is a necessary condition because of the mathematically intractable na-

ture of the rank-order image model.
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Taking, for example, a set of random variables θ, the Gibbs Sampler

draws random variates (samples) from the full conditional densities in an

iterative manner. The algorithm starts with some set of initial values. It

does not matter what these initial values are, except that good choices can

mean that the equilibrium state is reached quicker.

The Gibbs Sampling scheme is thus

First Iteration

θ1
1 ∼ p(θ1|θ0

(−1))

θ1
2 ∼ p(θ2|θ0

(−2))
...

...
...

θ1
k ∼ p(θn|θ0

(−k))

Second Iteration

θ2
1 ∼ p(θ1|θ1

(−1))

θ2
2 ∼ p(θ2|θ1

(−2))
...

...
...

θ2
k ∼ p(θk|θ1

(−k))

nth Iteration

θn
1 ∼ p(θ1|θn−1

(−1))

θn
2 ∼ p(θ2|θn−1

(−2))
...

...
...

θn
k ∼ p(θk|θn−1

(−k))

In this scheme p(θi|θ(−i)) denotes the conditional density of the ith com-

ponent of θ. θ(−i) is the set of variates without the ith variate.

Geman and Geman [32] (see also Neal [61]) show that this process forms

a Markov chain that is ergodic. This means that the probabilities tend to
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an invariant distribution as t → ∞

t
lim→ ∞ pt(x) = π(x) (6.1)

They also show that this is a unique invariant distribution. Neal [61] shows

that the unique invariant is the desired multivariate distribution. He pro-

vides proofs of this but also makes the point that it is quite intuitively

evident.

6.2 The Rank-Order Model in a Probabilistic

Framework

6.2.1 The Rank-Order Image Model

The rank-order image model was first introduced in Chapter 2 and has the

form

I(x) = RO(I(x + q)) + e(x) (6.2)

It relates an intensity value I(·) at position x in the image with a rank-order

prediction of that value based on a set of intensity values in the neighbour-

hood of x. The support of the predictor is defined by the set of vectors q.

The prediction error, or excitation, is a Laplacian error term denoted by

e(x).

From this model a likelihood expression for the known image data, y,

and the unknown (missing) data, z, can be formed. This can then be used

to determine an expression for the missing data from which samples can

be drawn. Assuming that the residuals are independent and identically
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distributed the likelihood is given by

p(z, y|λ) =
N∏

i=1

p(ei) (6.3)

= (λ/2)N exp(−|e1 + e2 + . . . + eN |λ) (6.4)

where ei for i = 1 . . . N are the prediction errors and λ is the variance of the

Laplacian excitation process.

It follows from Bayes’ rule that the posterior for the missing data is

p(z|y, λ) =
p(z, y|λ)

p(y|λ)
(6.5)

It should be obvious that such a probability where the errors are comprised

of rank-order terms (for instance e(x) = I(x)−median(I(x + q))) is going to

be extremely difficult to work with. A method will be developed in the next

section for sampling from the posterior. This exploits the proportionality

between the probability of the data and the posterior for the missing data,

as follows

p(z|y, λ) ∝ p(z, y|λ) (6.6)

6.2.2 Sampling for the Missing Data

A Gibbs sampler is used to draw samples for the missing data. This method

is implemented such that it decomposes the problem into a series of univari-

ate draws from the required marginal distribution. From an initial guess for

the set of missing data and for the variance (denoted z0 and λ0) the sampler

proceeds iteratively according to

z1
i ∼ p(z0

i |y, λ0, z0
−i) ∀ zi ∈ Z (6.7)

λ1 ∼ p(λ0|y, z1) (6.8)

where z−i is the set of missing pixels excluding the pixel zi. The sampler

thus replaces the unknowns iteratively with a random value picked from the
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posterior distribution for that value. The order in which the missing pixels

are sampled for is such that, if possible, the missing value to be sampled for

does not appear in the support of the previously sampled data point. This

is known to lead to faster convergence of the Gibbs sampler [15].

As mentioned previously, drawing samples for the missing data involves

drawing samples from the distribution in Equation 6.4 for all the possible

values of zi. The resulting distribution is then normalised before samples

are drawn from it. However, this is not a straightforward procedure as

the nature of the rank-order model makes it impossible to do the sampling

analytically. Therefore, the samples are drawn by forming the necessary

probability density numerically. Fortunately, there are only a finite number

of values that the zi take, namely, the grey-scale values, and so this not a

grossly inefficent approach.

The posterior distributions for the missing data are built up according

to the following method

1. Start iteration.

(a) Sample for the variance of the excitation process.

(b) Choose one missing pixel in the image that has not yet been

sampled.

(c) Set the greyscale value to zero. Let k = 1.

i. Taking the set of those residuals in which the missing pixel

in question plays a part in the calculation of the prediction,

calculate the probability in Equation 6.4. Store the result in

position k of the distribution.

ii. Increment the intensity value for the unknown that is being

sampled for. Increment k.

iii. Repeat previous two steps until the grey-scale value equals

255.

(d) Sample from the distribution just created using the transforma-

tion method and replace the previous value of the missing pixel

being sampled for with the new sample.
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(e) Repeat from step (b) until all pixels have been sampled for.

2. Return to step 1 or end the reconstruction process.

This method makes use of the ‘Transformation Method’ [67] for drawing

the samples. The first step of this is to form the cumulative distribution by

cumulatively summing all the values and dividing them all by the largest

value. Then a random variable is drawn from a uniform distribution between

zero and one. The value that has the same, or slightly greater, cumulative

probability as the value of the random variable is taken as the sample.

A period, known as the burn-in period, occurs before the Gibbs Sampler

converges to a state where samples are being drawn from the desired multi-

variate probability density function. Any one of the ‘typical’ reconstructions

following the burn-in period can be taken as a reconstruction of the missing

area. The length of the burn-in period is usually determined by experiment.

In the results section the length of the burn-in period in this case will be

discussed.

6.2.3 Sampling for the Variance

In this section it will be shown that the variance of the excitation process

can be drawn from a Gamma distribution. Samples can be drawn from

the Gamma distribution using the rejection method described in Numerical

Recipes [67]. The derivation of the distribution from which to sample begins

with the following, which results from Bayes rule,

p(λ|e) ∝ p(e|λ)p(λ) (6.9)

where p(λ) is the prior for the λ parameter of the Laplacian excitation

sequence and p(e|λ) is the likelihood of the data described in Equation 6.4.

It can be shown using reference analysis [13] that the non-informative prior

for λ is proportional to 1/λ, the Jeffrey’s prior. Therefore, for the Laplacian

excitation sequence (the Gaussian case is very similar and is detailed in
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Ruanaidh et al. [71, 70])

p(λ|e) ∝ λN exp(−λ
N∑

i=1

|ei|)λ−1 (6.10)

= λN−1 exp(−λ

N∑

i=1

|ei|) (6.11)

This distribution can be transformed into a Gamma distribution with

the following substitution

y = λ

N∑

i=1

|ei| (6.12)

which means that

p(y|e) = p(λ|e)|dλ/dy| (6.13)

∝ yN−1 exp(−y) (6.14)

By comparing this last equation with the Gamma function,

Ga(x|α) =
xα−1

Γ(α)
exp(−x), (6.15)

it can be seen that samples are drawn from

y ∼ Ga(y|N) (6.16)

and using the substitution in Equation 6.12, samples for λ can be derived.

6.2.4 Model Selection

An important part of the reconstruction process is a model selection stage

that precedes the sampling. The aim of this is to choose a rank-order pre-

dictor that suits the image statistics of the image to be restored. Efficient

algorithms for determining rank-order predictors are discussed in Chapter 2.

They should be implemented so that they take account of only the uncor-
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rupted image data.

Kokaram et al. use a sampling strategy to determine the parameters

of the AR image model of the reconstruction scheme [43, 35]. The author

has considered ways of sampling for the rank-order parameters, but these

promised to be extremely slow methods and so were not pursued.

In the implementation used, the choice of rank-order operator is re-

stricted to be the median of a combination of intensity values. It was decided

to always use a median predictor because of the huge amounts of memory

that rank-order predictors can take up.

The subset selection of a median mask shape uses a probabilistic ap-

proach. This proposes a number of different mask shapes and chooses the

one that fits the image best. This choice is arrived at by using a maximum a

posteriori probability (MAP) estimate based on the known data surrounding

the missing block. This invloves calculating
∑N

i=1 |ei| for a range of differ-

ent neighbourhoods while ensuring that N is the same in every case. The

one that gives the smallest value (and therefore the largest probability) is

chosen.

For the results presented in this paper, 15 model shapes, each consisting

of one 3 × 3 mask with an odd number of positions in the support, are

used. In every case the prediction pixel is placed on the outside of the

mask. If a support is used where the predicted pixel is surrounded by the

support then it has been observed that a reconstruction can converge to a

flat region of some grey-scale unrelated to the surrounding area. Even with

many more iterations information from the surroundings is not drawn into

the reconstruction.

The mask shapes used are illustrated in Figure 6.1.
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Figure 6.1: Median predictor supports

6.3 A Fast Implementation of the

Reconstruction Method

By exploiting the nature of the rank-order operator it is possible to avoid

many of the calculations of the rank-order output which in turn leads to a

faster version of the algorithm. This relates to the stage of the algorithm

where the posterior probability for the missing data is calculated. Referring

to the algorithm in Section 6.2.2, the calculations in steps (i)–(iii) do not

always need to be redone.

Speeding up an algorithm is always desirable and in this case it reduces

the running times to ones that are similar to the method that employs the

AR model. Thus, it makes the method a worthier rival to the AR based

method.

To illustrate each stage of the fast algorithm the example shown in Fig-

ure 6.2 is used. This shows a grid of grey-scale values from an image and a

three point median predictor. One of the grey-scale values, represented by

a question mark, is missing and only the grey-scale values that play a part
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in calculating this value are shown in the grid.

a

b

c

p

error=p-median(a,b,c)

?

22

20

34

25

20

29

32

30

24

17

Figure 6.2: Median predictor and grey-scale values from an image with
one missing point.

The first thing that can be done to avoid calculations of the median

output and speed up the algorithm is quite obvious. When the mask is in

the position shown in Figure 6.3 the error will be

e =? − median(22, 20, 34) (6.17)

This equation can be simplified to

e =? − 22 (6.18)

which demonstrates that the calculation of the median only needs to be

done once. The error, e, is then fed into Equation 6.4 with the value of the

question mark taking on all the possible grey-scale values – integer values

from 0 to 255. The values of e are, thus, −22 to 233.

Following this, the algorithm continues by forming the errors for the cases

where the predictor mask is not predicting the missing grey-scale value. An

example of this is shown in Figure 6.4. In this case the error will be

e = 22 − median(20, 25, ?) (6.19)
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In this case the outcome of the median operation depends on the missing

value. It may seem, therefore, that the median needs to be calculated for

each of the 256 possible values of the missing grey-scale. However, the

recalculation of the median can be avoided. Why this is so is illustrated

in Figure 6.5. This shows the outcome of the median operation for all the

possible values of the missing grey-scale value. When the missing value is

less than 20 then the result is 20. When it is between 20 and 25 the result

is the same as the missing value and when it is greater than 25 the result

is 25. The output of the median only changes if the missing value becomes

greater than one of the other values, or if the output is the missing grey-scale

value itself. This means that an initial sorting of the grey-scale values gives

enough information to form the output of the median operator and, in turn,

to calculate the errors.

For a larger median predictor a plot of the error values will be similar

to the example given. For any rank-order predictor a plot of the error

values will show that changes only occur when the value of the missing

pixel becomes greater than one of the other values in the predictor window.

Therefore, in all cases most of the calculations of the rank-order predictor

can be avoided.

6.4 Reconstructing Image Sequences

Reconstructing image sequences is a more complex problem, but develop-

ing a reconstruction method for it is certainly worth the effort. There is a

large number of film and video sequences that require restoring and auto-

matic techniques represent a better approach than laborious reconstruction

by hand. A more satisfying solution can be arrived at because automatic

methods of detecting instances of missing data in image sequences are pos-

sible and are based on simple concepts.

The technique entails several additional steps that are related to working

with a sequence of images that depict moving objects. Motion estimation
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Figure 6.3: Grey-scale values from an image with one missing point and
median predictor mask predicting the missing pixel
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Figure 6.4: Grey-scale values from an image with one missing point and
median predictor mask not predicting the missing pixel
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Figure 6.5: (y-axis) Median predictor output and error values for the ex-
ample given in the text plotted against (x-axis) values of the missing pixel.
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is an important part of the process. The steps of such an algorithm are as

follows

1. Motion estimation

2. Detection of missing data

3. Correction of motion vectors in areas of missing data

4. Model selection

5. Reconstruction of missing data taking into account data from several

frames and information on motion

Automatic detection of missing data is possible because the missing data

represents ‘temporal discontinuities’ in the motion compensated image data.

It is assumed that the missing data does not appear in the same place

in successive frames so detection can be achieved by searching for image

features that are unrelated to features in the surrounding frames.

Information from adjacent frames is a rich source of data for reconstruct-

ing missing regions. This is because the information in adjacent frames often

relates to similar objects and so can be excellent for helping in the recon-

struction of the missing area. As with detection of missing data, compensa-

tion for the motion in the scene must be incorporated into this. It is desired

that the motion estimation be as good as possible, but this situation is com-

plicated because a motion estimator that tries too hard may be able to find

matches for missing data instead of failing in those areas. Kokaram [43] has

put much work into this problem, mostly employing gradient-based motion

estimation [24, 16]. The motion estimation used for this thesis uses the same

method. A motion vector is determined between every pixel in the frame

being processed and a position in the immediately adjacent frames.

Various ways of correcting the motion vectors in areas of missing data

have been proposed such as the method described in Kokaram et al. [47]

which uses Markov Random Fields to smooth the motion field. This method

is used for this thesis. More sophisticated implementations include the in-

correct motion vectors in the sampling scheme [35, 43].
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6.4.1 Detection of Missing Data in Image Sequences

Techniques for detecting missing data in image sequences all have in common

that they detect the missing data as temporal discontinuities in the 3D

image data. Additional information such as the usual image statistics of

the damaged region which are flat by nature are in some more sophisticated

cases also brought into account. A good review of detection algorithms is

also contained in the book by Kokaram [43].

A simple technique is known as the Spike Detection Index ‘a’ (SDIa).

This was proposed by Kokaram [48] and is used for the results in this chap-

ter and the next. The technique usually leads to most of the corrupted

sites being identified but also gives a lot of false detections. The method in-

volves defining displaced pixel differences (DPDs) between the forward and

backward frames and the current frame as follows

Eb(x) = In(x) − In−1(x + dn,n−1(x)) (6.20)

Ef (x) = In(x) − In+1(x + dn,n+1(x)) (6.21)

where dn,n−1 and dn,n+1 are displacements due to motion in the scene.

From this the SDIa is defined as

bSDIa(x) =

{

1 for (|Eb(x)| > Et) AND(|Ef (x)| > Et)

0 otherwise
(6.22)

where Et is a user defined threshold. bSDIa(x) = 1 signifies detection of a

corrupted pixel at pixel site x.

A related method called SDI [44, 45, 46, 43] is designed to cope better

with occlusion and uncovering of objects in the scene which cannot always

be resolved through the motion estimation stage and can be confused by the

SDIa with areas of missing data.

A method called the rank-order detector (ROD) was developed by Nade-

nau and Mitra [60] (also described in [43]). This uses several rank-order

operations to detect outliers in the image sequence data. It has the disad-
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vantage that three thresholds need to be set.

All these methods require motion information and this is also important

for determining where useful image data from the adjacent frames is to be

found for use in reconstruction. The next section describes how the motion

vectors are formed and then incorporated into the algorithm to bring in the

surrounding image data. It also describes a method for correcting potentially

corrupted motion vectors in the areas of missing data.

6.4.2 Incorporating Adjacent Frames into the Image Model

The exact spatial location of data in previous and following frames that is

related to a missing area may be different from the location of the missing

area. This is caused by motion in the original scene. The neighbourhood

in adjacent frames is, therefore, located by a displacement relating to the

predictor support and also by a displacement relating to the detected motion

of the scene.

The image model is

I(i, j, n) = RO(I(i + qk(i) + sxn,n+qk(n),

j + qk(j) + syn,n+qk(n), n + qk(n))) + e(i, j, n) (6.23)

where I(i, j, n) is the intensity value at position (i, j) in frame n and q =

{qk(i), qk(j), qk(n)} describes a spatial and temporal support around it.

Data in the adjacent frames is displaced by the motion vectors

(sxn,n+qk(n), syn,n+qk(n))

which describe the displacement of intensity values between frames that is

due to motion in the scene.
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6.4.3 Model selection

Model selection can be performed in exactly the same way as for single im-

ages. However, the models to choose from extend through time as well as

space and so draw in information from surrounding frames. The models

used to obtain the results in this chapter are shown in Figure 6.6. The pre-

diction is always based on a support from the current and previous frame.

This means that in the reconstruction algorithm, information for the recon-

struction is drawn in from the current, previous and following frames.

Frame

n-1

n

Frame

n-1

n

Frame

n-1

n

Figure 6.6: Median predictor supports used for restoring image sequences
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6.4.4 Sampling for the Unknowns in an Image Sequence

Following the steps for detecting missing data, estimating the motion and

model selection, the sampling procedure can proceed as in the case of a sin-

gle image. The difference is that the information used for reconstructing the

missing area comes from surrounding frames as well as the same frame. Us-

ing the supports shown in Figure 6.6 image data is taken from the previous,

current and following frame for the reconstruction of each missing intensity

value.

6.5 Results

The first results presented here feature the ‘Mandrill’ image seen in the

previous chapter and shown again in Figure 6.7. Blocks of image data are

missing from the image and the missing areas are reconstructed using the

rank-order based sampling method. The rank-order method uses a median

predictor chosen from amongst the mask shapes shown in Figure 6.1. The

locations of the missing areas are given to the technique.

The reconstructions using the rank-order based sampling method are

shown in Figure 6.8. These resulted after 20 iterations. The result from

the previous chapter achieved with rank-order interpolation based on an

optimised stack predictor is shown in Figure 6.9 for comparison.

The reconstructions using the sampling approach are very good. The

textures are well replicated and it is not possible to see which areas of the

hair have been reconstructed without reference to Figure 6.7. The edge

features have also been well reconstructed. The diagonal stripe to the left

of the nose has been better reconstructed by the interpolation method; the

sampling method is a little too active in this area although the reconstruction

is still quite successful.

The rank-order based sampling results were obtained in a fraction of the
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time of the interpolation results. Each reconstruction was taken after 20

iterations except for the edge features which needed longer to converge and

were taken after 50 iterations. The time for each reconstruction depended

on the mask shape chosen and the number of iterations but it always took

less than 2 seconds to do 20 iterations. The missing areas in the image were

reconstructed in less than 40 seconds. This is a vast improvement on the

hours needed for the interpolation method.

Figure 6.7: Locations of missing data in the Mandrill image. (Some blocks
have been placed over edge features.)

A revealing test of the sampling method is to reconstruct an area of miss-

ing data from a rank-order image sequence with a known generating rank-

order model. An image from the chosen sequence is shown in Figure 6.11

and is generated using the method described in Chapter 2. The bottom

right 52 × 52 pixels are shown from the 50th to 52nd images. The model

used for generating the image and also for reconstructing it is a median of

7 points arranged as shown in Figure 6.10. The driving noise sequence is

Laplacian with a variance of 2.01.

1The variance of a Laplacian is 2/λ2.
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Figure 6.8: Reconstructions of missing data in Mandrill image using rank-
order based sampling

Figure 6.9: Reconstructions of missing data in Mandrill image using rank-
order based interpolation.
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Figure 6.11 also shows the locations of the data which were removed from

the image. These areas were then reconstructed using the rank-order based

sampling approach. The previous and following frames in the sequence were

used in the reconstruction process and the result is shown in Figure 6.12

alongside the middle frame from the original sequence.

These experiments suggest that the rank-order based sampling method

is working correctly. If it were not able to reconstruct this image then

this would show that something were wrong. The reconstructions are better

than can be achieved using an AR based sampling method. The AR method

produces pleasing reconstructions, but they do not fit in as well. This shows

that the two types of model are suited to different types of image feature,

although each is capable of approximating well to a large range of features.

The difference between the two reconstructions is shown by considering the

percentage mean squared error over the entire image. This is defined as

PMSE = 100

∑

x[(I(x) − Ireconstructed(x))2]
∑

x[I(x)2]
(6.24)

For the rank-order reconstruction the PMSE is 0.0031 and for the AR re-

construction it is over seven times greater at 0.0237. Other rank-order re-

constructions with different shaped masks were tried. These were all worse

than the reconstruction with the correct model although some were almost

as good in terms of their appearance and PMSE.

One further observation is that the values of the variance chosen by

the rank-order reconstruction method settled down to values similar to the

variance used to generate the image. The original value of the variance was

nominally 2.0 and values used by the rank-order reconstruction programs

settled to around 2.2 after 6 iterations.

6.5.1 Reconstruction of an Image Sequence

The next set of results feature the ‘Frank’ image sequence which are taken

from the 1931 movie Frankenstein starring Boris Karloff as the monster.

Three frames of the sequence are shown in Figure 6.14, with the middle
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Frame

n-1

n

Figure 6.10: Median predictor support used for generating and restoring
a rank-order image

Figure 6.11: (on left) Rank-order image sequence used for testing rank-
order reconstruction and (on right) locations of missing data in middle frame
(top left in other image)
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Figure 6.12: (on left) Original middle frame from rank-order sequence and
(on right) reconstructed middle image

frame that will be restored on the top right. Over the three frames there is

a small amount of upward movement of the camera and the bushes behind

Frank blow in the wind. Missing data caused by degradation of the original

film can be seen. A large blotch of missing ink on the forehead in the middle

frame of the chosen sequence can be seen.

The missing data are here reconstructed using the technique described

in this chapter and two other techniques.

The first approach uses the the rank-order sampling approach for image

sequences described in this chapter. The rank-order operators are always

median operators and supports are chosen from amongst those shown in

Figure 6.6. The reconstructions are taken after 10 iterations.

The second approach uses the AR model-based sampling approach devel-

oped by Godsill and Kokaram [35, 43]. This approach incorporates motion

compensation and allows correction of incorrect motion vectors in areas of

missing data in exactly the same way as the rank-order method. A causal

model is used with support only in the previous frame in a 3 × 3 block of 9

support points.

In the AR sampling approach samples are drawn from within 1.5 stan-

dard deviations to either side of the mode of the distributions. This prevents
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the final reconstruction from being marred by unlikely samples and does not

seem to affect convergence.

The third method that is used to reconstruct the missing data is an

adaptation of the multistage median filtering approach developed by Arce [3]

and described in Section 2.1.2. This filter, as well as the similar ML3D filter

designed by Alp et al. [2], is unable to remove a blotch that is bigger than

the 3×3 median filter in the current frame. The new filter known as ML3Dex

(for extension of ML3D) was designed by Kokaram [43] and is described by

the window masks shown in Figure 6.13 and

zl = median[Wl] 5 ≤ l ≤ 9 (6.25)

Filter output = median[z5, z6, z7, z8, z9] (6.26)

The filter is used here with motion compensation. Knowledge of the loca-

tions of missing data is used and the filter is applied only where there is

degradation.

The reconstructed middle frames using each method are shown in Fig-

ure 6.16. Zooms on the large area of missing data are shown in Figure 6.17.

The sampling approaches can be seen to give very good reconstructions.

The small amount of change in the scene from frame to frame allows the

multistage median method to work well also. However, in the latter case the

reconstruction is not as active as the rest of the hair region and some of the

reconstruction looks too flat. The other two reconstructions have captured

this activity much better.

The ML3Dex and the rank-order sampling method can be seen to recon-

struct the edges in the image more strongly than the AR sampling method.

This compares better with the previous and following frames where it can

be seen that these edge features are also very strong. The reconstruction

using the AR method seems to fit in better with this frame, however.

The multistage median filter is by far the fastest technique. The two

sampling approaches are comparatively computationally intensive. Actual

timings vary considerably as they depend on the convergence of the sampled
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W5 W6

W7 W9W8

Figure 6.13: Filter masks for ML3Dex multistage median filter
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distributions and the number of pixels in the chosen prediction neighbour-

hoods. However, approximately speaking, the rank-order based sampling

approach is around 100 times slower than the AR based sampling method

when it is applied without the fast algorithm and about 2-5 times slower

with it.

The final set of images in Figure 6.18 shows the reconstruction of the

blotch on the hair at each iteration. The first image shows the initial start-

ing values. The images show the convergence of the algorithm and also

demonstrate how quickly convergence is achieved even for this large area.

The speed of this convergence is explained by the ability of the rank-order

model to reject outliers, unlike a linear model which takes into account all

the values in the input window, even incorrect outlying ones.

Figure 6.14: Three frames from the ‘Frank’ sequence. The middle frame
(upper right) is the one that is later reconstructed
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Figure 6.15: (on left) Middle frame from Frank sequence and (on right)
detections of degradation on the middle frame using SDI-a

6.6 Conclusions

This chapter has presented a method for reconstructing missing data in

single images and image sequences. In its basic form the algorithm is much

slower than the similar AR based sampling method, even though convergence

is achieved much more quickly. A fast algorithm has been developed that

has cut the running times to between only 2-5 times slower than the AR

sampling method. Both methods lead to very good reconstructions. In

single images, replication of the activity of textured regions is better than

with the rank-order interpolation approach. In image sequences it is better

than the multistage median filter in textured regions. The advantage that

the rank-order sampling method has over the AR based approach seems to

be better reconstruction of edge features. This is important as the human

visual system is very sensitive to edges.

The rank-order based sampling algorithm for reconstructing missing data

in image sequences takes account of the effects of object motion in the origi-

nal scene and can automatically detect missing data. Without motion com-

pensation, or with incorrect motion estimation, the reconstructions would

be much worse. It would be interesting to see whether the rank-order recon-

struction scheme is more robust to incorrect motion estimation than the AR
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(a) (b)

(c) (d)

Figure 6.16: (a) Original middle frame from Frank sequence and recon-
structions using (b) the AR model based sampling method, (c) the rank-
order model based sampling method and (d) ML3Dex multistage filtering
with motion compensation
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(a) (b)

(c) (d)

Figure 6.17: (a) Details of the hair region from the original middle frame
from Frank sequence and the same detail after reconstruction using (b) the
AR model based sampling method, (c) the rank-order model based sampling
method and (d) ML3Dex multistage filtering with motion compensation
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Figure 6.18: Illustration of the rapid convergence of rank-order sampling:
convergence of the reconstruction of the blotch on Frank’s hair from initial
values on the top left and then successive iterations are shown from left to
right, top to bottom
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method, since robustness to motion has been observed in multistage median

filtering [3].



Chapter 7

Reconstruction in Colour

Images

The problem of missing data is not confined to black and white images.

Colour film can also be scratched or obscured by dirt. In addition, colour

image information can be lost when the images are transmitted.

Reconstructing missing regions of colour images involves data in three

colour channels. The methods encountered in the previous chapters can

be used to reconstruct each colour channel separately but in this chapter

a method is developed that processes all the colour channels together (see

also Armstrong et al. [8, 7]). This will then be compared to methods that

reconstruct each colour channel separately.

The approach is very similar to the one developed in the previous chap-

ter. Again the Gibbs Sampler is used to create sampled realisations of the

reconstructions. However, a different image model is proposed which is

based on the vector median.

Whenever colour images are being processed the question arises of which

colour space to work in. Most work with vector medians has considered

the RGB space to exploit the correlations between the different channels.

Lucat suggests that this space is better for the removal of impulsive noise

from colour images [55]. This chapter investigates which colour space is

133
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best for the various reconstruction methods and compares reconstructing

decorrelated channels separately using an AR based reconstruction method

and reconstructing using the vector median based reconstruction method.

Detection of degradation and motion estimation is carried out when nec-

essary on the intensity or grey scale version of the image as before. (It is

interesting to note that some work has suggested that small improvements

in some cases to motion estimation can be achieved by working with colour

data [56].)

7.0.1 Previously Employed Reconstruction Methods

Simple prediction techniques have been used to repair areas of missing data

in image sequences. These use a vector predictor, such as a vector median

predictor, to draw in data from the area surrounding the damage. These can

be applied automatically to areas of missing data or by hand as is usually

the case in the widely available photograph re-touching applications such as

PhotoShop or the more sophisticated software packages for professional film

restoration such as Kodak’s Cineon.

Another very useful technique that is used in these packages is cloning.

Data from one part of the image can be copied by a human operator to

another part. Various options allow the information to be copied in various

different ways – for instance, with varying degrees of translucidity. Even

someone who is not an artist can make quite good repairs to a damaged

image. The technique can take a lot of time, however, and its not being

automatic is a disadvantage.

Another approach is to decorrelate the colour channels with a suitable

transformation and then reconstruct each channel of the image separately.

The reconstruction in each channel can be achieved using the rank-order

or AR model based sampling approaches used in the previous chapter for

restoring grey-scale images. This approach is investigated further in this

chapter.



7.1. A Sampling Method for Reconstructing Missing Data in

Colour Images 135

7.1 A Sampling Method for Reconstructing

Missing Data in Colour Images

In this section a sampling approach for reconstructing missing data in colour

images and image sequences is described. The method uses a multidimen-

sional model for the colour image based on the vector median and casts the

problem in a probabilistic framework.

7.1.1 The Vector Median Model

The image model that is used in this chapter arises from the vector median

filter, which is one of several multichannel filters used successfully for noise

reduction in colour images [10, 82, 64]. The vector median, xmed, of a set

of n-dimensional vectors, X = {xq : q = 1, . . . , N}, is defined as

xmed = arg min
xj∈X

∑

q

‖xq − xj‖ (7.1)

where ‖ · ‖ is an Lp norm.

This filter structure forms the basis of the vector median image model.

It is proposed that a pixel in a colour image represented by the vector xk,

be modelled as a vector median prediction of xk. The neighbourhood of xk

is the set of colour vectors X′. This set does not include xk and extends

through time to the previous and following frames. Thus the model is defined

as

xk = arg min
xj∈X′

∑

q,q 6=k

‖xq − xj‖ + ek (7.2)

This can be compared to the 1-dimensional rank-order model in Equation 6.2

in the previous chapter. The errors in the prediction in the three colour

channel, ek = {e1,k, e2,k, e3,k}, are modelled by three 1-dimensional Lapla-

cian excitation processes.
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7.1.2 The Excitation Model

The Laplacian distribution is chosen for modelling the residuals resulting

from the vector median prediction of an RGB colour image. The reasons for

this are the same as those given in Chapter 2 for the grey-scale rank-order

image model. The vector median structure has a similar effect to the scalar

median structure in terms of the residuals that it produces in each channel.

However, it is not certain that the Laplacian distribution is a good choice

when a transform to a decorrelated colour space such as the YUV space is

employed (see Appendix B). The UV colour-difference channels are usually

very inactive and a histogram of the errors usually shows a sharp peak at

zero dominating over a short and wide Gaussian-like bell. How to model

this type of distribution is not resolved in this thesis. A possible solution

might be to use a mixture model consisting of two Gaussian distributions,

one that employs a very small standard deviation to model the slim peak

and the other to model the rest of the residuals.

It is assumed that the residuals in each channel are independent of each

other and of the residuals in the other channels. However, it is also assumed

that the varying image statistics between the channels means that the vari-

ance of the residuals is different in each channel. Therefore, a Laplacian

distribution with a distinct variance and with zero mean is used to model

the residuals in each of the colour channels. The zero-mean Laplacian dis-

tribution has the form

L(0, λ) =
λ

2
exp(−λ|x|) (7.3)

where x is a Laplacian random variate and 2/λ2 is the variance.

7.2 Sampling for the Unknowns

From the assumption about the excitation process a likelihood for the resid-

uals associated with one of the colour channels can be formed. Assuming
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that the residuals are independent and identically distributed (i.i.d.)

p(z,y|λ) =
N∏

i=1

p(ei) (7.4)

= (λ/2)N exp(−λ

N∑

i=1

|ei|) (7.5)

The known image data in the channel in question is y and the unknown

(missing) data is z. Also, ei for i = 1, . . . , N are the N errors corresponding

to the missing data for the channel in question.

This definition, which concerns a single channel, holds for each channel

since sampling is achieved in the same manner for R,G,B or Y,U,V chan-

nels. It should be noted at this point that information from the different

channels is brought into the sampling with the use of the vector median

for calculating the errors. The sampling itself proceeds separately for each

channel.

It follows from Bayes’ rule that the posterior for the missing data is

p(z|y, λ) =
p(z, y|λ)

p(y|λ)
(7.6)

Such a probability, which is based on vector median operations, is going

to be extremely difficult to work with mathematically. A method will be

developed in the next section for sampling from the posteriors. This exploits

the proportionality between the probability of the data and the posterior for

the missing data, as follows

p(z|y, λ) ∝ p(z, y|λ) (7.7)

7.2.1 The Gibbs Sampler

A Gibbs Sampler is used to draw samples for the missing data [32, 31, 61]

(see Chapter 6 for more information on the Gibbs Sampler). This method is

implemented such that it decomposes the problem into a series of univariate

draws from the required marginal distribution. From an initial guess for the
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missing data and for λ (denoted z0 and λ0), the sampler proceeds iteratively

according to

z1
iY

z1
iU

z1
iV

∼
∼
∼

p(z0
iY | y, λ0

Y , z0
−i, z

0
iU , z0

iV )

p(z0
iU | y, λ0

U , z0
−i, z

1
iY , z0

iV )

p(z0
iV | y, λ0

V , z0
−i, z

1
iY , z1

iU )







∀zi ∈ z (7.8)

λ1
Y ∼ p(λ0

Y | y, z1) (7.9)

λ1
U ∼ p(λ0

U | y, z1) (7.10)

λ1
V ∼ p(λ0

V | y, z1) (7.11)

where z−i is the set of missing colour vectors, excluding vector zi. Also, ziY ,

for example, is the Y component of the ith colour vector. The subscripts

Y,U,V denote the Y,U or V channels. Other colour spaces, such as R,G,B,

would be treated in the same way.

The order in which the missing pixels are sampled for is such that, if

possible, the missing pixel to be sampled for does not appear in the support

of the previously sampled pixel. This is known to lead to faster convergence

of the Gibbs Sampler [15].

The posterior distributions for the missing data are determined according

to the following method, which takes the example of sampling in a YUV

space.

1. Start iteration.

(a) Sample for the variance in each channel.

(b) Choose one missing pixel in the image that has not yet been

sampled.

(c) Set the Y channel value to zero. Let k=1.

i. Taking the set of those residuals in which the missing pixel

in question plays a part in the calculation of the prediction,

calculate the probability in Equation 7.4. Store the result in

position k of the distribution.
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ii. Increment the Y channel value for the unknown that is being

sampled for. Increment k.

iii. Repeat the previous two steps until the Y channel value

equals 255.

(d) Sample from the distribution just created using the transforma-

tion method and replace the previous value with the new sample.

(e) Repeat from step (c) for the U and V channels.

(f) Repeat from step (b) until all missing pixels have been sampled

for.

2. Return to step 1 or end the reconstruction process.

This method makes use of the ‘Transformation Method’ [67] for drawing

the samples. This is described in the previous chapter. There is also a ‘burn-

in’ period which occurs before the sampling has converged to a state where

all samples are being drawn from the required multidimensional density.

The typical length of this period is best determined by experiment.

The range of values used for constructing the distribution is greater than

that allowed in the Y channel. However, this can help to produce a more

complete distribution and, in any case, samples can be clipped so that they

lie within the allowable ranges.

7.2.2 Sampling for the Variance

Sampling for the variance is achieved in exactly the same way as described

in the previous chapter in Section 6.2.3 except that the vector median model

is used. Three variances are determined, one for each colour channel, from

the corresponding residuals in that channel.

7.2.3 Subset Selection

Choosing a suitable support for the vector median model is achieved as in

the previous chapter by determining the maximum a posteriori probabil-
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ity (MAP) estimate for a range of mask shapes based on the known data

surrounding the missing block.

This reduces to calculating
∑N

i=1 |ei| for the different mask shapes (en-

suring N is the same in every case) for each channel. The mask shape that

gives the smallest value is chosen. This means that different mask shapes

can be chosen for different channels.

The same sets of mask shapes as used in the previous chapter are used

in this chapter.

7.2.4 Choice of Colour Space

The reconstruction algorithm can be greatly affected by the colour channel

used. It is convenient to use the RGB space as any R, G or B value that

lies in the specified range will give a colour vector that corresponds to a

valid colour. This is not the case for the YUV space where some sampled

vectors do not correspond to actual colours. The problem can be overcome

by transforming to the RGB space and clipping the corresponding values so

that they fit in the required range.

A reason for using the RGB space with the vector median is that the

values in the three channels have comparable magnitudes [55]. This is not

the case for YUV where the values in the U and V colour difference chan-

nels have a much smaller spread of values than in the Y luminance channel.

This means that the Y channel has a greater influence on the vector me-

dian than the UV channels. Also, the distribution of errors from the vector

median prediction of UV channels is not well modelled by the Laplacian dis-

tribution, which is used in the rank-order sampling scheme, or the Gaussian

distribution, used in the AR sampling scheme.

However, when reconstruction techniques are applied to each channel

separately then the YUV colour space should be used. The decorrelation

of the luminance channel from the two colour difference channels solves the

problem of false colouring even though the three channels are reconstructed

separately.
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There are other colour spaces that relate more faithfully distances be-

tween similar colour vectors to the human perception of colour differences [73].

Two examples are the CCIR standards Lab and Luv. The L channel is a

uniform lightness scale and the other channels are colour difference channels.

The results section in this chapter details experiments using both RGB

and YUV colour spaces to determine their effect on the reconstruction.

7.3 A Fast Implementation of the Colour

Reconstruction Method

The fast implementation is based, as in the previous chapter, on an ordering

of the prediction mask inputs. However, even with knowledge of the previous

method it is not obvious how this is achieved. The problem is that there is

no immediately apparent ordering of the input colour vectors. It is assumed

in what follows that the reader understands the fast algorithm for the grey-

scale case which is detailed in the previous chapter.

The first thing that can be done comes from realising that when the

colour vector that is being sampled for appears in the prediction position of

the mask then the values that affect the vector median are all fixed. This

means that the vector median needs to be calculated only once during that

stage of building the posterior distribution.

Further stages of the fast algorithm require an ordering of the vectors.

Such an ordering is only possible when the 1-Norm vector median is used.

The reasons for this will become clear shortly, but it hinges on a particular

1-Norm based algorithm for calculating the vector median. This algorithm

was described first by Barni [12] and has the additional benefit of being itself

a fast algorithm. It is explained in the following paragraphs.

The vector median is calculated as the vector that has the minimum sum

of distances to all the other vectors. When the distance is calculated using
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the 1-Norm this is equivalent to calculating the distance of each vector to

the marginal median vector and choosing the vector median as the nearest

vector to it. The marginal median is the vector that results from taking the

scalar median of each component of the vectors separately.

Let the colour vectors from the vector median predictor mask be

X = {x1,x2, . . . ,xN} (7.12)

The marginal median vector is formed from the vectors in X and is

denoted as xmed. The 1-Norm distance from the marginal median to each

of the vectors is denoted as

→
x1,

→
x2, . . . ,

→
xN (7.13)

which are put into order of magnitude and denoted as follows

→
x(1),

→
x(2), . . . ,

→
x(N) (7.14)

The vector corresponding to
→
x(1) is the vector median.

Let xs be the vector containing the value being sampled for and
→
xs

be the 1-Norm distance from the vector being sampled for to the marginal

median. The following part of the fast algorithm takes the case when xs is

in the set of vectors from which the vector median is chosen.

Assuming that xs is not the vector median then if the missing value in xs

is incremented then
→
xs increments or decrements. None of the other vector

distances will change unless the missing value in xs is part of the marginal

median. Thus, when the value is not in the marginal median then only
→
xs

needs to be recalculated, but this is done very easily by a simple increment

or decrement.

An initial marginal sorting of the components of the vectors in X deter-

mines when the component of xs being sampled for will be selected for the
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marginal vector median. When it is, the vector median needs to be recalcu-

lated fully with each increment of the missing value. When the component

of xs is no longer chosen for the marginal median then with further incre-

ments of the component being sampled for any vector median not equal to

xs will be the vector median for all further increments.

This method, therefore, allows the determination of the vector median

to be avoided in a large number of instances.

7.4 Reconstructing Colour Image Sequences

The method used to reconstruct colour image sequences is very similar to

that outlined in the previous chapter for reconstructing grey-scale image

sequences (see Section 6.4). The same steps are required, namely

1. Motion estimation

2. Detection of missing data

3. Correction of motion vectors in areas of missing data

4. Model selection

5. Reconstruction of missing data

The motion estimation, detection of missing data and correction of mo-

tion vectors in areas of missing data are here all performed on a grey-scale

version of the image sequence. Grey-scale images can be formed from an

RGB colour image sequence by transforming to the YUV colour space (see

Appendix B). The Y channel images can be taken as the grey-scale sequence.

As in the case of grey-scale image sequences useful information for the

reconstruction process can be found in adjacent frames because of the conti-

nuity of the scene through time. This information is brought in with account
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taken of the motion in the scene so that the image model becomes

X(i, j, n) = VM(X(i + qk(i) + sxn,n+qk(n),

j + qk(j) + syn,n+qk(n), n + qk(n))) + e(i, j, n) (7.15)

where X(i, j, n) is the colour vector at position (i, j) in frame n and q =

{qk(i), qk(j), qk(n)} describes a spatial and temporal support around it.

Data in the adjacent frames is displaced by the motion vectors

(sxn,n+qk(n), syn,n+qk(n))

Using this image model the sampling can proceed as described previously

for single images. However, information is drawn in by this model from

surrounding frames instead of from a merely spatial neighbourhood.

7.5 Results

7.5.1 Reconstruction in a Single Image

The results presented here feature the ‘Clown’ image shown in Figure 7.1.

Blocks of data are removed from the areas indicated and replaced with new

randomly coloured pixels. These blocks are then reconstructed in the RGB

and YUV colour spaces using a number of methods. The first of these is

the vector median sampling technique described in this chapter. The second

uses the rank-order sampling technique described in the previous chapter to

reconstruct each colour channel separately. In each of these cases the mask

shapes used are the same as in the previous chapter. The reconstruction

was taken from the result after 40 iterations.

Another approach that is used is the AR sampling method developed by

Kokaram et al. [43, 35]. This is applied to each colour channel separately.

A causal model is used, arranged in a 3 × 3 block, with 8 support points
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predicting the pixel in the bottom right corner. Samples are drawn from

within 1.5 standard deviations to either side of the mode of the distributions.

The reconstructed images are also shown in Figure 7.1. Very noticeable

false colouring can be observed on the AR sampling based and median sam-

pling based reconstructions. In each channel the reconstructions look very

reasonable, but put together they lead to unsuitable colours that are very

noticeable. The vector median avoids this and produces excellent recon-

structions.

In Figure 7.2 the vector median reconstruction is shown again, this time

alongside a median sampling reconstruction that was done in the YUV space.

In the second image there is no false colouring unlike the median sampling

reconstruction that was done in the RGB space.

The differences in the two images in Figure 7.2 are very slight. However,

in the close-up of the nose in Figure 7.3 it can be seen that the median

sampling reconstruction has not reconstructed the texture as well as the

vector median reconstruction. The reconstructions are too inactive. In

addition, the close-ups of the nose area also include a vector median sampling

reconstruction that was done in the YUV space. The texture has again been

well reconstructed. This suggests that the vector median approach is able

to exploit its multichannel approach to produce better reconstructions in

comparison to the median sampling approach.

The difference in the reconstructions is also not a consequence of different

mask shapes being chosen as usually the same mask shapes were chosen for

the two YUV images and they were always the same or similar for the RGB

image.

7.5.2 Reconstruction of Colour Image Sequences

The next set of results presented in this section feature the ‘Voiture’ image

sequence. The first three frames of the sequence are used and blocks of data

8×8 pixels in size are removed from the middle frame. A detail of this middle

frame showing the locations of the missing data is shown in Figure 7.4.
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(a) (b)

(c) (d)

Figure 7.1: (a) Clown image showing blocks of data that are removed and
then reconstructed in the RGB colour space using (b) rank-order sampling
method applied to each colour channel separately, (c) AR sampling applied
to each colour channel separately and (d) vector median sampling method.

(a) (b)

Figure 7.2: Clown image reconstructed using (a) vector median sampling
in the RGB colour space and (b) median sampling applied to each colour
channel separately in the YUV space.
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(a) (b)

(c) (d)

Figure 7.3: (a) Detail of Clown image with areas of missing data recon-
structed using (b) vector median sampling in the RGB colour space, (c) me-
dian sampling applied to each colour channel separately in the YUV space
and (d) vector median sampling in the YUV space.
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The missing blocks of data are reconstructed using the vector median

sampling technique described in this chapter applied to the YUV version

of the sequence. Mask shapes are the same as those used in the previous

chapter (see Figure 6.6) and the reconstructions are taken after 40 iterations.

The AR model based sampling approach developed by Godsill and Ko-

karam [35, 43] is also used. The method is designed for grey-scale images

and in this instance is applied separately to each of the Y,U and V chan-

nels. A causal model is used with support only in the previous frame in a

3×3 block of 9 support points. Samples are drawn from within 1.5 standard

deviations to either side of the mode of the distributions.

Both approaches incorporate motion compensation and allow correction

of incorrect motion vectors in areas of missing data.

The results are shown in Figure 7.4. Both methods can be seen to give

very good reconstructions. The reconstructions achieved using the vector

median sampling approach are visually very pleasing, fitting in well with

their surroundings and there is no noticeable false colouring. The gate, on

the left of the image, is the fastest moving part of the sequence and also

exhibits the effects of interlacing. It has been reconstructed extremely well.

The AR model-based approach, in typical fashion, produces a smudge

on the edge features of the gate. The moving gate is a difficult feature to

reconstruct and the problem is made worse by the interlacing. In other areas

of the image there are some excellent reconstructions.

The two sampling approaches, with the added complexity of motion

compensation, are very computationally intensive. Actual timings vary con-

siderably as they depend on the convergence of the sampled distributions

and the number of pixels in the chosen prediction neighbourhoods. How-

ever, approximately speaking, without the fast algorithm the vector median

sampling method is around 100 times slower than applying the AR based

sampling method successively to the three channels. Employing the fast

algorithm leads to running times only 2 to 8 times slower.
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(a) (b)

(c)

Figure 7.4: (a) Reconstruction of one frame of Voiture sequence using (b)
the AR sampling approach applied to each colour channel separately and
(c) the vector median sampling approach.
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7.6 Conclusion

This chapter has presented a method for reconstructing colour images and

image sequences which uses a multidimensional rank-order model that is

based on the vector median.

It has been shown that the method can reconstruct missing areas from

images in both RGB and YUV colour spaces. False colouring can be a prob-

lem in the RGB domain with methods that reconstruct the colour channels

separately, even though in each channel the reconstruction may appear very

good. The vector median sampling approach does not suffer from this.

There is some evidence that the vector median sampling approach, which

processes the colour channels together, produces better reconstructions in

areas of texture than the median sampling approach. In the latter case the

reconstructions are sometimes too flat in textured regions.

The vector median approach, like the rank-order sampling method, per-

forms well at reconstructing edge features.

A fast algorithm has been developed that means the technique runs

at only a few times slower than the AR based sampling approach applied

separately to each colour channel.



Chapter 8

Conclusion and Suggestions

for Further Work

The work presented in this thesis is centred around a new image model

called the rank-order image model. Its formation mirrors the move from

linear predictor to AR model and it has been useful to compare the two.

A significant difference is that the rank-order model is much more difficult

to work with mathematically. However, the thesis gives solutions to several

mathematical problems involving rank-order operators. It also demonstrates

that, at times, the nature of the rank-order operator can be exploited to

reduce the complexity of algorithms that use the model.

A number of applications have been found for the model. The first

two, presented in Chapters 3 and 4, concern the detection and removal

of impulsive noise from images. The development of techniques for filtering

impulsive noise in images has commonly involved rank-order operators. The

thesis shows that a rank-order based degradation model can be extremely

useful for developing a ‘detect and replace’ method for removing impulsive

noise. With the filtering approaches the amount of noise removal is usually

very high but the detect and replace approach gives a good balance between

removal of the most noticeable impulses and detail preservation.

These ideas are developed into an algorithm for restoring degradation
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caused by scratches on 2-inch tape. A range of related techniques are devel-

oped to detect and treat each type of degradation artefact that the scratches

cause. The resulting restored images show a high level of artefact removal

and excellent preservation of the underlying image features.

The second set of applications presented in Chapters 5-7 are concerned

with the reconstruction of missing data in images and image sequences.

The image modelling capabilities of the rank-order model are investigated in

these chapters as well as in Chapter 2 where images are generated from rank-

order models. It can be concluded that the rank-order model is better at

reconstructing strong edge features than linear interpolation or AR sampling

methods. It is also able to model a large range of image features including,

perhaps surprisingly, a range of textures.

It has been shown that the derivatives of the interpolation equations can

be determined; however, these do not lead to a closed form solution and

show that the search space can have local minima. Therefore, simulated

annealing is used to find the optimal interpolants. The large computational

complexity that this represents is a serious impediment to the practicability

of this reconstruction approach.

The probabilistic approaches using the Gibbs Sampler, developed in

Chapters 6- 7, are much faster. By exploiting the nature of the rank-order

operators it is possible to develop fast algorithms for sampling for the miss-

ing data. These allow the techniques to run at only a few times slower than

the rival AR sampling method. The sampling approaches lead to visually

excellent reconstruction of missing areas with better reconstruction of edges

than the AR approach. Convergence was found to occur in very few iter-

ations and the results were highly dependent on the choice of the median

predictor mask shape.

A multidimensional vector median model has been developed to restore

missing data in colour images. This can operate on different colour spaces in-

cluding the RGB colour space whereas other methods that reconstruct each

colour channel separately require the data to be transformed to a decorre-

lated colour space. There is some evidence that the vector median based
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technique is sometimes able to exploit its multidimensional approach to pro-

duce better reconstructions of textures. Other results demonstrate that the

vector median sampling approach also has a marked ability to reconstruct

edges.

A fast algorithm was developed for the multidimensional rank-order

model which allows it to run at only a few times slower than the AR ap-

proach which is applied to each channel separately.

8.1 Suggestions for Future Work

The detection method based on the EM algorithm in Chapter 3 determines

a detection threshold for each of a number of contiguous blocks in the im-

age. As images are highly non-stationary it is an advantage to be able to

decide different thresholds for different areas of the image. However, a more

appropriate segmentation of the image will give a better threshold for areas

with similar statistics. This will lead to better detection.

The method assumes that the impulsive noise is additive noise. The

model could be usefully reformulated to work for replacement noise or even

to adapt to the type of impulsive noise that has degraded the image. An

assumption of additive noise is sometimes inappropriate when the additive

noise has a high magnitude. The intensity values are clipped to lie in the

range of allowable grey-scale levels and so the additive noise may come

to resemble replacement noise with impulses equal to the maximum and

minimum grey-scale values.

In Chapter 4 the first stage of the restoration process is to detect a

series of horizontally lying pulses. These can have a comet like tail that

fades away to the right of the picture. However, the detection algorithm

takes no account of this and so these tails are not detected very well. The

detection algorithm could also be improved by increasing the probability

that a point is degraded if the point to the left is also degraded. These
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advancements could be made in a Bayesian framework where the profile of

a pulse is defined in a prior probability.

The techniques developed for line de-jittering and correction of line fad-

ing are simple yet work well. The restoration of line fading could be improved

by modelling the decay of the clamper circuit, which is approximately an

exponential decay, and removing this trend from the intensity.

The reconstruction method could be applied usefully to colour images as

many of the programmes recorded on 2-inch tape are in colour. The algo-

rithm could be easily converted to work on colour images and it is possible

that working with colour data can improve the restoration.

The technique of simulated annealing has been employed in Chapter 5

to search the interpolation space and determine the global minimum. There

are many ways of implementing simulated annealing and it may be that one

of them leads to the global minimum more quickly than the chosen strategy.

However, it would be more useful to reduce the great amount of computation

required, if that is indeed possible.

In Chapter 6 a more thorough investigation of convergence could be

usefully undertaken. Determining automatically when to stop the sampling

process might be a useful outcome of this. Also, the sampling strategy to use

should be revisited to ensure the best order in which to draw the samples.

At present, the method of choosing the model is very simple, yet model

selection is a vital part of the algorithm. Better ways of selecting the model

mask could be developed and even brought into the sampling strategy. The

fast algorithms that were developed make this more computationally expen-

sive approach feasible. Motion vectors, which are a vital part of the image

sequence reconstruction algorithms, could be usefully included in the sam-

pling along the lines of the Joint Model Based Detection and Interpolation

(JOMBADI) algorithm of Kokaram [43].

Similar ideas could also be exploited for the vector median sampling

algorithm developed in Chapter 7. In addition, a different multidimensional

operator, such as the direction distance operator, could be substituted for
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the vector median, to see what effect this has on the restoration.
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Appendix A

2-Inch Video Technology

The first attempts at putting video signals onto magnetic tape used systems

similar to those used for audio. These moved the tape past a fixed head

at extremely high tape speeds. 200 inches (5.08m) per second was typical.

In 1952, Ampex developed a transversal scanning system that combined a

rapidly rotating head with a moving tape. This led to a relative speed of 1500

inches (38.1m) per second which was enough to record video information,

but kept the speed of the tape to 71
2 or 15 inches per second (191 and 382

mm per second). The new tape recorder was an immediate success and the

transversal scanning system soon became the broadcast standard. (Source:

Silvie [74].)

By the 1970s a transversal system employing a 2 inch (50mm) wide tape

was the standard system used by many broadcasters, including the BBC.

The system is shown in Figure A.1. The head drum has four video heads

spaced at 90◦ intervals. It rotates at 250 revs/s and the tape moves at

15 inches (380mm) per second. This results in the tracks being laid down

almost vertically and for both NTSC and PAL there are around 16 lines per

track.

The tape is held against the tape head by a vacuum device and guided

with a capstan. A control signal is added to the edge of the tape (along

with an audio signal and a cue signal). The control signal contains pulses
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Video heads

Control
track

Cue
erase

Cue
record

Audio
record

Audio
erase

Figure A.1: Ampex transversal 2-inch, 4-head video tape system

for controlling the speed of rotation of the capstan. The speed must be

controlled in this way because tapes are prone to stretching. If this occurs

the play-back speed will need to be higher than the original recording speed.

Along with the capstan control pulse the control signal contains pulses that

cause a new field to be displayed.

The diagram in Figure A.2 shows the video signal that is laid on the

tape. The video signal is only part of the pulse. For PAL systems, which

have 625 lines and are displayed at 50 fields per second, 64µs are required for

each line. Just before the video signal there is a signal that sets a reference

black intensity level. This is sometimes known as the back porch. One fifth

of the signal contains a low pulse (sync pulse) whose falling edge initiates

the retrace stroke.

NTSC systems have 525 lines and display at 60 fields per second. The

timings for this system are slightly different. There are other differences

between the two systems, notably in the way they represent colour [40] –

NTSC is jokingly said to stand for ‘Never Twice the Same Colour’.

Figure A.3 shows what is known as a clamper circuit. This is an RC

circuit that sets a reference voltage at its output that signifies the voltage

of the black intensity. The input to the signal is the back porch part of the
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64 sm

53.33 sm10.66 sm

Sync Pulse

Figure A.2: Typical video tape signal for one line

video signal. The waveforms show how the output goes rapidly negative as

the diode conducts and slowly decays towards zero through the RC part of

the circuit [14].

Modern video machines work by wrapping the video tape in a single

turn helix around the head-drum as shown in Figure A.4. The tape moves

while the drum rotates. The video tracks are oriented more obliquely than

with the transversal system. The chief advantages of this method are that

only one tape head is needed, the vacuum system can be dispensed with

and tapes can be narrower. This leads to lower equipment costs, avoids the

problem of switching between heads, reduces tape wear and allows smaller

tapes.

Additional sources used for compiling this Appendix were : Trundle [84]

and White [87].
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Figure A.3: Clamper circuit for setting a reference black intensity voltage
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Figure A.4: Helical winding of a video tape
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Appendix B

The CCIR-601 Colour

System

The CCIR 601-2 recommendation [1] lays out a European standard for dig-

ital encoding of television signals. It recommends the use of one luminance

signal and two colour-difference signals sampled in a ratio of 4:2:2. It states

the number of samples per line for 525 and 625 line systems. The number

of samples of the video signal per field is 288 × 720, although the television

picture will generally be smaller than this.

The signals are denoted by Y, CR and CB and are formed from the

gamma corrected analogue RGB signals E′
R, E′

G and E′
B.

The transformation from the analogue RGB signals to the digital YCRCB

(or YUV) signals is as follows. First form the following

E′
y = 0.299E′

R + 0.587E′
G + 0.114E′

B (B.1)

E′
R − E′

Y = E′
R − 0.299E′

R − 0.587E′
G − 0.114E′

B (B.2)

= 0.701E′
R − 0.587E′

G − 0.114E′
B

E′
B − E′

Y = E′
B − 0.299E′

R − 0.587E′
G − 0.114E′

B (B.3)

= −0.299E′
R − 0.587E′

G − 0.886E′
B
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E′
y takes values between 0 and 1 and the other two signals are normalised

by multiplying them by scale factors

E′
CR

= 0.713(E′
R − E′

Y) (B.4)

E′
CB

= 0.564(E′
B − E′

Y) (B.5)

(B.6)

A final transformation makes the range of the luminance channel 16 to

235 and the range of each colour difference channel 16 to 240.

Y′ = 219E′
Y + 16 (B.7)

C′
R = 224(0.713(E′

R − E′
Y)) + 128 (B.8)

= 160(E′
R − E′

Y) + 128 (B.9)

C′
B = 224(0.564(E′

B − E′
Y)) + 128 (B.10)

= 126(E′
B − E′

Y) + 128 (B.11)

(B.12)

Finally these analogue signals are quantised to integer levels and the result-

ing digital signals are denoted by CY,CR,CB. The signals can be transmit-

ted in 8-bit words.
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