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¬ ­ T_Â W c �4� � � K���3­ e n S �6~6������ �	� �ÂÄÃ�Ã2Ã;Â ��3­ Â Ã2Ã�Ã¹Â ��3­ Â Ã�Ã2Ã N¬ ­ T�}?W c �4� � � K Â ��3­ Ã2Ã2ÃOÂ Â ��3­ Ã2Ã�ÃYÂ Â ��3­ Ã�Ã2Ã N���
¬ ­ T_^ W c �$� � � K Â Ã2Ã2Ã;Â� �	� �� ��~6����� � 3­ e n S �6~6�L� �� �	� �Â Ã�Ã2ÃTÂ � 3­ e n S ��~6������ �	� �Â Ã2Ã2Ã;Â � 3­ ÂÄÃ2Ã�Ã� �	� ��

N {
T b ��}�É^W

� �3�
�	� ��� ���-�����¦~ X��3�%� ��� � b ��}�Â)� �L� ~ � � ��� � ������� � � � ���L~ �'��� �/��� �B��� �L� g¶�6� �   ~ �����'�����'��� ~�� � ������� k
¬ 1­ c }t e n Sk

� m�� ¬ ­ T_^ W 2 n3\4305 1 � È T b ��}ln^W
J � ���¥�L~6� ����� ����� � �4� � � � � ���[�¶��� ��� g ��� ��� ~|�	��� �
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Z � � � �'� � � � � � ��� ~q�	� � �¡���'��� �����u��� ��� ~ � � �4��~6� � ��� � �%� � ��  � �3� � ~ � ~ ��� ���B�%���B� �)� ����~����! #"%$'& KPO } N � �L� ~�a�$~6� � � H¾�6�%� ��� �q��� ��� ~ �L�3� ���)~ �¾� � ~ / � ��~6� � ���)��� �L� ��� �6� �L~ �4���  3� ��~��«� � ��� ~-� ��  � �3� � ~±�$~ � � �u� ����� � �������%���� ~ � � �8� � �¦�%��� � � �����L~ �'��� ����� �B��� ��� g ��� ��� ~��L~ � ~6��� ~2�O�L�/��� ��� �4����� � ~ � �B��� �L� ~ �%��� � � ������~ �a�%� ��� � �B��� �L� g �
J � ~ �B� ���?�4� t ~���~6� � ~   ~ � �¥~6~�� ��� ~|�	��� �¡���'�%� ��� �¦�%� �¢�¡����� � �L�3� �)��~ � �L� � � ~ � � ���u��� ~�� ���)(Î� �L�/�)� �L� ~����� � � � ���L~ �'��� �/���q� � � �8� ��� � KPO } N¾� �[� ��� ~|�	��� �¡���'��� ��� ����� � �¡��� ~6�L� ���u��� ~�� �¡����� � �L�3� ����~ � ���4� � ~ �+� ���������� ~ � � ��� � ���%��� � � ������~ �a�%� ��� � � � � ��� ��� � T b ��} v W-��� ��� ~q� � ���|���3�%����� ~ � � ��� � �q����� � � � ���L~ �'��� �/��� �B��� ��� g �%���� ~ � �)�4� � ��� ~|��� ����~���� ��� ~6����~ � � �6����� �?�6~����¡��� �-²��c Â+* ��� ~ .)� � �L��~6� � �4~0/ � ��~6� � �|��� ��� ~ ���)� � � � �L��~ �'�%� ��� ���� ��� ~-��������~ � �L� � ~6���2�4� � � ��� ���Q�)� ��� ~��������4� � � � ��~-�6~����¢�	� � � �4� � � ��� � � �	��~ X�� ~�� � �?²d�EJ � �/� � ���3�4� � ������������  )� � � ��� ��� ~ � ��~6�L~6� � ~q���Q� � � � ~V��� � � � � � ��~��u��������~ �)� � ~6��~ � ����� KPO } N � ��� ~ � � �[�4� � ��� � ���3�%�-��� ~¦�)� ����~����� � � � ���L~ �'��� �/��� �3� � � �   ~¦¬�� c ��3-, ���-��� � � ��� ��� H ~��B� � ~�� �L� ~���� ���L~V��� � � � � � �L~����
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J � ~�~��/��~6�4� ~ �8� � �L���%� �¶�%� �L� g � c K ���!N-� ���L� � � ��� ~2� �-� �L�³�L� ~ H ��� � · g » ~6��� ~�� � �%��� ~6�����³~ X��3� �� ��� � b ��É�}.�	��� �¹��� ~-�L� �6����� ~��q�L�/��� ��� ~6��� ~6�4� ~ ��� ����� �¶��� ��� g�� c K�� � {2Ã�Ã2Ã�{ � ½���� n S N ���������6~VÍ · ¸ T_·ºg» W6��� � ~���~ � � �L� ~?~6����~6�4� ~ ��� � �L� � �L��� � � ��� ~��®�-� ��� ��� ~ �'� � � Í · pÎ· pÎ»Ä�	����² �c Â � ���4�	� � �=�L� ~� �)�/� �&� �3��� ~¦~6����~6�4� ~ ��� � � �¶�%� �L� g�� c K � � {2Ã2Ã�Ã�{ � � ½ n ½ n � n S N �%�¥�����6~¡ÍO· ¸ T_ÍO· pv· pY» W6��J � ~
T_·Ygu» W � � ����� �����%� �B��� �L� g�� � �3� � �L� ~����! #"�"�$$��%'&��)(�"+* �|��� � � � ~ �L� ~ � � ����� �����%� �B��� �L� g�� � ~6��~�� ��� ~��� ~-�L��� �6����� ~��,"'% $ $���%'&��)(�"+* ��� V�� � �4� t ~���~6� � ~������ � �L� ~ � ���4� ~6� � ����� ��� � ��  � �3� � ~ � ~ ��� ����� ��� ~|� ~ ��� � �L���� �-� �L��� � � ��� ~��u�-� �L�?�L� ~��L�/��� ��� � ��  � �3� � ~��4�	��� �+�L� ~�� ����� � �)  � �3��� ~���� ��� ~ � � �8� � � � �)  � �3��� ~ � ~ �L� ������ �3�B�)� ����� ~¡�)� ����~q� ��  � �3��� ~ � ����� KPO } N � \ � KPM } N � �L� ~¡� ����� �&� �[� � ~ � � � � ~ ��� � � � � �L~�� � �O�4~���� � ~ �L� ~��� ����~�� ��  � �[� � ~ �
�Q�¡��� ��� � � ��� ��� � � �   ~ � �d~6~6� �L� ~ � � ����� ������� �B��� ��� g��Y� �3� � �4� �d�6� �   ~ � ��� ����� �4~�� �L�3����� � �q� ~ ��� ����	��� � �L� ~O� ����� � ��  � �[� � ~®���¡� � ��� ��� ��� ���|� � � �4� � � �/�)� �v� ~ �8� � �u��� ��� ~ ����� � �%� � ��  � �[� � ~ � � �3�   �~ g�� ~6���L��� � � � � � � � � ����� �u��� ��� ~ H3��� ~�������� �¶�%� �L� gq¼ ½ k
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J � ~��L� ����� �/��� � � �L� ��� � ����~ � �����4� � ~ � ���¥~ X��3�%� ��� �)�V�L~6� �)�/� �¦��� �L� ~¡�'�4~6� � � H¾����� �����O��� ��� ~q� �) ¾�L�3� ����~ �� �u����� ��~|��~6� � ������~���� � �L���4�a�$~�� ���[�����B��� ��� g�¼ ½ ���d� ������� � ����� �?� � � d �GJ � ~¦��~ � ~6��� � ��� � ���3�4� � ��� �)� � �� ~6~ �d��� �/� � ��� � ~6�L��� � � �L~ KPO } N`k
�21 J � ~V����~6��� ���u��� ~�� � � � �4��� � � ��� ��3 Z�\'] T54 W c � �
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�=<>1 V ��� ~ � � � � �)~¥�%� �L� ~Q� �� ¾�L�3� ����~ � �Q� � � �)� � �3� ��~ � �)� �4�&�6~6�L�V» ���¢����� �EJ � �����-� ��� � ��� �'�-��� � �L�$� �3� ������ �6~6�L� ��� 4 c Â¦���B~ ����� �%� �L� ~�� �� ��L�3� �)��~ � ���
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½ � \&� �/��� � ���-� �L�3���|� �����4�'�4~�� ���[����  � ����¶��� ��� � ~6� �3� ��~ ��� ~ � ��� ~?� � ����~ �   � ��� �¶��� ��� � ~6� � �L~ � �L� � � � � ��� � �%� �d�&� ~ � �®� � �?�)� ~ g � �6�%�a� �?� �%�/� ~
� c�
 � 
 ~ g�� T�� W ~ g ��� � �-� � ~6��~ �

¼ ½ c � ¼�
½ È T b ��É^n^W
\ � �L� ��� �6� �L~ � ��� ~?Í � �� ��L�3� ���)~ � � � ����� � � �%� ~�� �-� ��� ¼ ½ � �3� ¼�
½ � ��~ � �L� � � � � ��� � �%� ��J � ����� �u��� ��~6����3�%�V�L� ~¡��� ����� ��� � � � ��� ~ � ����~ � �����4� � ~ � ���¥~ X��3�%� ��� �)��T b � É�É^W �/� �L� ~ � � � ~ �L�3� ���)~ �Q�¶�%� �L� g ���V�L� � ~� �6�%� ~2�?��~6���L��� �B��� ��� ~ � � � ~ �¶��� ��� g �
�Q� � ~6� �¡��� ����� ��� ~¦�L���-�-��� �¶��� ��� gq¼ ½ � �¦ )� � � d � J��4~ ��� � � � �¶�%� ��� g?�6� �   ~��	��� � ~2� k

¼ ½ c

¿ÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀ
Á

X[Z���] T&Â^W Ã2Ã2Ã X[Z���] T_» W Â Ã2Ã2Ã Â Ã2Ã�Ã ÂX[Z S ] T&Â^W Ã2Ã2Ã X[Z S ] T_» W X[Z���] T_» W Ã2Ã2Ã Â Ã2Ã�Ã Â��� � � � ��� ��� � � � ��� � � � ���X Z ��n S ] T&Â^W Ã2Ã2Ã X Z���n S ] T_» W X Z���n 3�] T&» W Ã2Ã2Ã Â Ã2Ã�Ã Â��� � � � ��� ��� ��� ��� � � � ���Â Ã2Ã2Ã Â Â Ã2Ã2Ã X3Z���] T&Â^W Ã2Ã�Ã X[Z���] T_» WÂ Ã2Ã2Ã Â Â Ã2Ã2Ã X3Z S ] T&Â^W Ã2Ã�Ã X[Z S ] T_» W��� � � � ��� ��� � � � ��� � � � ���Â Ã2Ã2Ã Â Â Ã2Ã2Ã X Z���n S ] T&Â^WÄÃ2Ã�Ã X Z���n S ] T_» W

Å ÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆ
Ç

È

T b ��É o W
J � ~ � � �/�)� �B� �3��� ~q��� �B��� �L� g?¼ ½ ����~ X�� ��� ��� ~6� �|� � �L�3��� ��� �B��� ��� g?¼ ½ �[�&� ~�� �L� ~
�$~ � ~6� � ��� � � � ���%�  � ���B�¶�%� ��� � ~�� �3� ��~ ��� ~�� �%� ~ ��  �L� ����� ~�� �%�/� ~ � �UX �[��� ����� b ��É o �6� � ��� ���   ~±�	� � �¡���'��� ~2�q�/� � ~6� � �-�%��¦�B��� �L� g �%� � ���¥~��-� � � d¶� � k

¼ ½ c
¿ÀÀÀÀÀ
Á

X T&Â^W X T�}lW Ã�Ã2Ã X T&» W Ã2Ã�Ã Â � Ã2Ã2Ã Â �Â � X T_Â^W Ã�Ã2Ã X T_» pv}lW Ã2Ã�Ã Â � Ã2Ã2Ã Â ���� ��� � � � ��� � � � ��� � � � ���Â � Â � Ã�Ã2Ã Â � Ã2Ã�Ã X T&Â^W Ã2Ã2Ã X T_» W

Å ÆÆÆÆÆ
Ç · 
 »�{ T b ��É b W

� � ~6��~ X T b W c�� X3Z���] T b WäÃ�Ã2Ã X[Z���n S ] T b W�� Ì �4~6�)� � ~�� �L� ~¡� ~ �8� � � � � � ��� ��������� �L� ~ b'�L�®���%� �%� ~ ���L� ��� �L� ~� �� ��L�3� ���)~ � � � �[�?Â � �4~6��� � ~6� � � ~ �8� � �-�-� �L� Í �6~���� � k
��� Ô Ø�ã�à&Õ�Õ�æ4Õ�æ4Ö�Þ�â��6Ö Ø�Þ Ø�Ù�Ù�é[á6Ù�ß�à&Ù	Ò[Ø�Ù�Ò�á�ê�Ñ�âÓÙ'Ô ØLåQâ�Þ�� ���! 

}�Â o
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Â � c K Â Ã2Ã�ÃTÂ� �	� ��

N Ì È T b ��É O W
�[X�� ��� ��� ~6� ��� �4�ST b � É b W �6� �   ~¦��~8�_�-�L� �L� ~6� � � k

¼ ½ c ¿Á X T_Â W � ½ n SÂ ��Z ½ n S ] ¼ ½ n S
ÅÇ { T b ��É �^W

� � ~6��~
� ½ n S c K X T�}lW Ã2Ã�Ã X T_» W Ã2Ã2Ã;Â �� ��� �� �[½ n S

N T b ��É M W
�/� � Í ¸pT_» gÝ·Dpv}lW �¶�%� �L� g �
Z � � � �'� � � � �2� ���6� �   ~�~6� ���� �� ��� � ~�� ���[���lk

¼ ½ c
¿ÀÀÀÀÀ
Á

X T&Â^W X T�}lW Ã�Ã2Ã X T&» W Ã2Ã�Ã Â � Ã2Ã2Ã Â �Â � X T_Â^W Ã�Ã2Ã X T_» pv}lW Ã2Ã�Ã Â � Ã2Ã2Ã Â ���� ��� � � � ��� � � � ��� � � � ���Â � Â � Ã�Ã2Ã Â � Ã2Ã�Ã X T&Â^W Ã2Ã2Ã X T_» W

Å ÆÆÆÆÆ
Ç · 
 »�{ T b ��É v W

� �3� � �6� �����4����� � � �
¼ ½ c ¿Á ¼ ½ n S Â ��Z ½ n S ]

� ½ n S X T&Â^W
ÅÇ È T b �Pn Â^W

�Q~ ����� �L~ �L� ~�� � ����~¦��� �B��� �L� g¡¼ 
½ � ��~6����� ��� ~q� � ��� ~¢��� ¼ ½ � ��� ~ � � ����� �u� �3��� ~��%� ¼ 
½ ���-� �3� ���)~��  � �L� ~ � � ����� �¡� �3� � ~¢��� ¼ ½ � J �4� �2� ��� ~
}�� ��� � ����� �u��� ¼ 
½ �6� �   ~�~ g�� ��~6�L��~�� � � k
¿Á X 
 T&Â^WÂ ��Z ½ n S ]

ÅÇ c ¿Á X T_Â W � ½ n SÂ ��Z ½ n S ] ¼ ½ n S
ÅÇ ¿Á ² �Â � �[½ n S

ÅÇ { T b �Pn�}lW
� � ~6��~O² � ��� � � � �?��� ~ g � �6�%�'� �¢� � ��� � �2� _ ������~ X � ~6� ��� � � �L� ~ � ����~ � ���L�4� � ~ � �%��~ X��3��� �/�����q���1T b �Pn�}lW��~�� �[� ~6� � � k

X 
 T&Â^W c ² � X T_Â W T b �Pn É^W
� � � ��� �/�[�4� �6��� ~6� �L�3���B��� ~³��~ ��� ����� X 
 T&Â^W � �3� X T_Â W � ��~ � �L� � � � � ��� � �%� � J � ~³� ��� ~¶�L~ �'��� �/��� � �L~���/� T b � n)}lW �6� �   ~ ������� ��~�� � � �L� ~¦É��3� � � ����� �¡�%� �¶�%� �L� gq¼ 
½ k

}�Â b
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¿ÀÀ
Á

X 
 T�}lWX 
 T&Â^WÂ ��Z ½ n 3�]
Å�ÆÆ
Ç c ¿Á X T_Â W � ½ n SÂ ��Z ½ n S ] ¼ ½ n S

ÅÇ
¿ÀÀ
Á

² S² �Â � �[½ n 3
Å�ÆÆ
Ç { T b �Pn^n^W

� �3�
X 
 T�}lW c ² S X T&Â^W�gv² � X T�}lWX 
 T_Â^W c ² � X T&Â^W T b �Pn o W

.�� �/� ���-����� �L� ~�� ��� ~ � ��� � ~�� � ��~|�	� � ��� ~�»=g®} ���¶� � ����� �q��� �¶�%� �L� g¢¼ 
½ � ��� ~-�	� �/� ���-�����|��~ �'��� ��� ��� � � ��6� �   ~V~�� ���% �� ��� � ~�� k
¿ÀÀÀÀÀ
Á

X 
 T_» W���X 
 T&Â^WÂ ��Z ½ n � n S ]

Å ÆÆÆÆÆ
Ç c ¿Á X T&Â^W � ½ n SÂ ��Z ½ n S ] ¼ ½ n S

ÅÇ
¿ÀÀÀÀÀ
Á

² � ���² �Â ½ n S

Å ÆÆÆÆÆ
Ç { T b �Pn b W

� �3�
X 
 T_» W c ² � X T&Â^W�gi² � n S X T�}?W�g�Ã2Ã2Ã�gv² � X T_» W���X 
 T�}lW c ² S X T&Â^W�gv² � X T�}lWX 
 T_Â^W c ² � X T&Â^W

T b �Pn O W

J � ��� � ����~ � �-���4� � ~ � �%�Q~ X��3��� �/����� �6� �   ~��-��� ��� ~6�O��� �B��� ��� g ��� � � � � k
¿ÀÀÀÀÀ
Á

X 
 T_» W���X 
 T�}?WX 
 T_Â W

Å ÆÆÆÆÆ
Ç c

¿ÀÀÀÀÀ
Á

X T_Â W X T�}lWÄÃ2Ã�Ã X T&» W Ã�Ã2Ã ÂÂ X T_Â^WÄÃ2Ã�Ã X T_» pv}lWÄÃ�Ã2Ã Â��� ��� � � � ��� � � � ���Â Â Ã2Ã�Ã X T_Â W Ã�Ã2Ã X T&» W

Å ÆÆÆÆÆ
Ç

¿ÀÀÀÀÀ
Á

² � ���² �Â �

Å ÆÆÆÆÆ
Ç { T b �Pn �^W

� �3�
X 
 c ¼ � � S ² { T b �Pn M W

� � ~6��~ X 
 c � X 
 T_» W Ì Ã2Ã2Ã X 
 T�}?W Ì X 
 T&Â^W Ì � Ì ��� �L� ~-��� ~���� �%�?��� ~�� �L�3� �)��~ � � �u����� ��~d��~�� � � ���L~ � � �¥�4~ H �)~���/�u��~ �8� ��� � b ��É���} � � �3�B² c � ² � Ã�Ã2Ã&² � Â Ì � � Ì �
� ���¦� �L� ~¦� ��� ~ � �L� � ~�� � �L~ � ��~2�B�-� ��� T b ��É � W��	��� � � ����� ����}QÃ2Ã�Ã&» gº}���� �B��� �L� g¡¼ 
½ ��� �   ~ � �L~���-� �L� T b � n�Â^W��2�	� � � � ����� ���Q» g É-Ã�Ã2Ã&É » gOÉ¦�%� ¼ 
½ � _ � ���L~ X�� ~6� ��� �4� �L� ~V» gOÉ �L�¶� � �/�)� �q��� �¶�%� �L� g¼ 
½ �6� �   ~¦~ g�� ��~�����~2� � � k

}�Â O
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¿ÀÀÀÀÀ
Á

X 
 T_» W���X 
 T&Â^WÂ ��Z ½ n � n S ]

Å ÆÆÆÆÆ
Ç c ¿Á ¼ ½ n S Â ��Z ½ n S ]

� ½ n S X T_Â W
ÅÇ

¿ÀÀÀÀÀ
Á

Â �
� ����

� �

Å ÆÆÆÆÆ
Ç { T b �Pn v W

� �3�
X 
 T&» W c � � X T&» W È T b � o Â^W

Z � � � �'� � � � ���	��� ��� ~ T&É » gÝÉ W �L�z� � ����� �¡�%� �B��� �L� g�¼ 
½ �4�d~ �3� � ~ k
¿ÀÀÀÀÀ
Á

Â ��Z ½ n � n S ]X 
 T_» W���X 
 T&Â^W

Å ÆÆÆÆÆ
Ç c ¿Á ¼ ½ n S Â ��Z ½ n S ]

� ½ n S X T_Â W
ÅÇ

¿ÀÀÀÀÀ
Á

Â �
� ����

� �

Å ÆÆÆÆÆ
Ç { T b � o3}lW

� �3�
X 
 T_Â^W c � � X T&» W�g � � n S X T&» pÎ}?W�gÎÃ2Ã�Ã6g � � X T_Â WX 
 T�}lW c � � n S X T_» W�gºÃ�Ã2Ã�g � � X T�}?W���X 
 T_» W c � � X T_» W

T b � o É^W

J � ���¥�L� � � ~ � �%� � ����~ � �-~ X��3��� �/����� �6� � �%� ���   ~��-��� �L� ~6�O��� �¶��� ��� g �	� � � � � k
¿ÀÀÀÀÀ
Á

X 
 T_» W���X 
 T�}?WX 
 T_Â W

Å ÆÆÆÆÆ
Ç c

¿ÀÀÀÀÀ
Á

X T_Â W X T�}lWÄÃ2Ã�Ã X T&» W Ã�Ã2Ã ÂÂ X T_Â^WÄÃ2Ã�Ã X T_» pv}lWÄÃ�Ã2Ã Â��� ��� � � � ��� � � � ���Â Â Ã2Ã�Ã X T_Â W Ã�Ã2Ã X T&» W

Å ÆÆÆÆÆ
Ç

¿ÀÀÀÀÀ
Á

Â �
� ����

� �

Å ÆÆÆÆÆ
Ç { T b � o n^W

� �3�
X 
 c ¼ � � S � { T b � o^o W

� � ~6��~ � c � Â Ì � � � � � � Ì �
V�� � ��~6� ����� �   � ��� ~ X��3�%� ��� ����T b �Pn M W � �[�iT b �Pn M WQ~ X �[����� � k

¼ � � S ² c ¼ � � S � È T b � o b W
}�Â �
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.��L� �+�L� ���-��~ �'��� ��� ��� � � � � � � ��� ��� ~ � � ���3�%� ² c � �4� �-~ X�� ��� �%� ~�� �L� � k

¿ÀÀÀÀÀ
Á

² � ���² �Â �

Å ÆÆÆÆÆ
Ç c

¿ÀÀÀÀÀ
Á

Â �
� � ���

� �

Å ÆÆÆÆÆ
Ç È T b � o O W

J � ���¥~ X�� ��� �%� ~�� � ~¦���3�4� �6�%� ~6� �L�3���-�L� ~6�L~¦���-� � � �?����~�������� � ~|��� �)�6~6���u~ � ~ � ~�� � ���   � ��� � ~ �8� � �L�¦² � �3�
� ���&� ~ ��² � c � � � J � ~���~6� � �%� �L� ~�~ � ~ � ~�� � � � �L~V�L� �?��� �q�6~6���[�

� \ c Â b c Â){�Ã2Ã2Ã�{�» pÎ}² \ c Â b c } {2Ã�Ã2Ã�{�» È
T b � o �^W

.���� �%��� �4�4� �V�6� �   ~�~6� ���% �� �/� � ~�� ���3�%� �/�u� ����� T b � É n^W �%����� ��~6��� � �[� �¶�%� ��� gu¼ 
½ � �3� ¼ ½ � �L~ � ��� � � ���� ��� � �%� � � � ~���~
� c ² � T b � o M W

J � ��� � ��� ����� �4~�� ��� ~ � ���4�%���
� ��
���
 � 
 � �-���"��������� ����
 ��� �	��� � � 	�� ��
�� ��
 �
�$��� ���������

\ � � � � ��� � � ~ �   � � �L� ��� ����� �L�3���¦�L� ~¡�-�'�4~��&��~6�)��~ � � �8� ��� ����� ����� � �L� � �L� � ~6���¡` � �/� � � ��� �%�_~6�L� ���4� ��K n OcN ���� ~ � � ��� � ������� � � � ���L~ �'��� �/���u� � � ��� ��� � ��� �   ~�~6� � � �B��� ~�� � �L����� K o b?N`k

¬ 1� c }� t � e n ½ n �k

� m�� ` � ` � � 2 n3\4305 1 � È T b � o v W
�Î� ~6�B� � � �u� �%�?��� ~�~�� � � �B��� ~������ �L� ~¦��~ � ~6��� ~�� ������� ����� � ��� � �¦�%��� � � ������~ �a�%� ��� � �¶��� ��� g ¬ 1� � ��~ � � � � � ��� �� ~ � ��� ~|��~ � ��� � ����~ � �Q~ X��3�%� ��� ���.����~ X��3�%� ��� � b � É�É �6� �   ~|��� � ��~��q��� ��� ~ � ~ � � � �_� X��3� �L~6�-��~6�)��~ � � � �L� ~� ����� � �Ó� ��� �������%� ��� ~��	� ��� ���-����� X��3� �4� ��� � � �	��� �pk

� c � ½ n � n ½ n Sk \'m�� 
 
� �\ ¼ ½ 
 3 È T b � b Â^W
J � ~B��� ����� ��� � � � �L� ��� X��3� �4� ��� � � �	� � � ���¦��� � � ~�� � ������� �O� �)� � �)� � � � � ��� � � � ��� � � � �L� ~O� �?�)��� ��~��~6� � ������~|��� ��� ~ �L�3� ����~ � � � �Q~ g����'� ����~��¢�����L~ ��� �/����o3�Pn���}�� J � ~-� ����~6�¦��� ����� ��� �q��� ��� ~ ���[� ����~ � � �?�)��� ��~��~6� � ������~u~6� � � �B��� ~¦���V�)� �4� � � � ~6��~6� � � � �3� � ��� � ~��¦� � �/� � �[� ���[� ��~ � � � � � ��� ~6� � ���)~6~�� � �   ~ �B� �4~ �
�-���d~6� ~6�2� ��� ���-�4�4~6�d��� �-� � �)� � � �L��� ~ � ��~6�L�/� � �-�4� � �  3��� d �4�L��� � ~�� � ���¥�L~ � � ��������~�� � � �3� � � ��� �L� ~  �� �/�[�~ X��3��� ��� �%� ��� � � �L�  �� ~ � �

}�Â M
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����� 9���:BG @LC��1C�	�

�ºC(DQH�� DdG A A�
-C
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 "%$ T � � V/W|~6� � � �¶��� ��� � � ~ �L� ��� X�� ~6��� ��� ~ � � V ��� �L� ~ Z �!\¦�6� �   ~?�$~��� ~6� � ����~���� J � ~ ����� ��� � ��� ��� ~¥�d~6��� �4� �.��� � � �3��� � ��� H3��� ~6� �6� � ��� ~��   ~ �6�%�'�����'��� ~�� KPb?N�� � �6� � � ~ � � �����L� ~�/� � ~6�&�	~��������B����� � ��� ���[� � � �L�s� ��~ � ~ �u� ��� � ��� � � � �3�B� � ~ �8� � �%��� � ��� ~�� �'����� �/�)�3� � ��� � ���-�³����.���� � �L~ b ��É��
� � �4� ��� � ����� ����� � � ��~ � � � � �'�% �� ~Q�	��� � � V�~6� � � �¶�%� ��� � * � �¥�q��� ��� ~   ~6� �(d �����-� � �L~ ��� ~#� �
ZS\`_ KPM^b?N� �3� �UZ����(\ J K � O?NQ��� � ����� ���)� ��� � �3� �%� �L� �L� ~�~ g$� ~6���L�/�����¦�%� ��� ~���~ ��� ��� ��� �L��� � � � � ��� � � �$� ��� ~ � � � �� ��� ����� ����� � �L���L�/��� ��� �2���4~6� � ���   ~2�B��� K n�É N � � ~�� ~6� ��� ~ � ~6�L�������u� ~6��~�� ��� � ����� � � VT~6� � � �B��� �/��� � ~ �L� �)� X�� ~��� ��~ d �����-� � � �3� ��~ � �4� � � ~6�&��� � �B� � � ~���� ��� ~ � �L~6��~6� � ~¡��� �¡����� � �3���L�¡� ��� �3� � ��� �/�����
� � �L� ~B� ��� ~6� �3� �3��� ��� ~O���L� � ~B��� � ~ �u� ��� �%� ~ X��3��� ��� �%� ��� �i��� � ��~6�L���-� � � �L�Î� �L~¶�L~ �'��� �/��~ � � ��� � �L~ � �� �3��� ~��¡� �3��� � ����� � � �3� �6� �)��� �d  ~��L~ �3� � ��� ~��   � � � �3�%� � ��� H3��� ~6�2�4��~ �B� ����� �±� ���  �� ~ � � Z ~6��~6� �%��� � �%��� ��/��~ H3��� ~6�L����� � ~ ��� ��� X � ~6� � �L~ � � � � �'�� )� ~ KPO É N K � v?N[� �¦�L~ � ����~ ��� ~|~ t ~ ��� ��� � �%� �L�3� ����~ � ��� � ~��&�	~6�L~6� � ~  ������� ~6�¢��~6~�� � � � ���������3� J � �����L~ X�� ����~6�.~ g�� � ���6�%�3� � � � � � �V� � ����~ ��� ~ � � � �����������L��� � �%�$� �3� � � � �)� � � � � ��� ~����"��$�$� ������� � � � �3� ��� ~¢��~6~�� � �¡���4� �L� �L� ������~ ��� ~���~ � ~6��� ~�� ������� ����� �3� ��� ~ � � � ���������q����� � ��� � � � �L~�� � � �6����� � �
V ����� � � � �u��� ~ ��� ���L~6� ��� �   � � ~-� � �4���¡���4� � ~ � �3� � � �4� ��� ~2� �¡� � � H � � � ��� �/���B� � ~6��~ ��� ~ � � � �/�)�/�)�¡�������� ��� ��� � � � ��� � � ��� ~2� � ~6�������4� �6����� �4����� � ~6� � � �L~��   ~ � �d~6~6� �L� ~ � � � ��� � �����������¡�������4��� � �B��� �/���
� ����� � � ��� ~����~6�L� � � ~��¡� �3�L�Ý� � ��� ~¶�4��� � ������� ~6�L��~6� � �L� �%� � � J � � ��� �3� � ��� KPO^bcN ��~6� ���� )� ��� �®��� ~u��~6~�� � � � � ����� ��� ~ � ��/� � ��~ � ��~ ��� ~±� � � �%� ��� �u��� ��� ~ � � � �/�)�/�)�¦����� � ����� � � ��� � �u� ��� ��� ~¥� � ���4����� � ~6��~ � �¥�%����� � ~6���	~6��~�� � ~ �GJ � ~
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d �)��� � ~2�4� ~|��� �L� ~¦� �3��� � �%���L�3� � � ��� ~6����� � � � ��� ��� ~ Z �
\ �
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Z ~6� ~�� ����� ~ ��� ���4� �3� � ~¢��~ � ~�� �L� �   ~�~6� � ��� � � �L~�� � � � �L� �4~ �%� �-� �L�O��� ~ � ���  �� ~ � ��� �¡����� � � ��~��  �� �/�[����[� ����~ � �a�$~6� � � H¾�6�%� ��� � � �3�i������� ��� �4~ � ~ ��� ����� KPM É N1KPv � N K o N KPb b?N1K É N � Z � � ~¡��� ��� ~ ��� ��� ��� �L��� � � ��~�/� � ����� ~ g�� ~�������� �)�¦��� �¡����� � �L�3� �)��~ �[ZS\ � �D �� ���3� �L�3� ����~ � �'�4~6� � � H¾����� �����³� ��� ~ � ~6� � � � ���&��� � � ~�� � �� �6� � �?� �$� ��� ~ �¡����� � �)� ~.����� � �%� ���BJ � ~ �¡����� � �L�3� �)��~ � � � � �3���L� ��~��%�3�	� � ��� ��� � �%�/� ���&� �3��� ~��  �� ���3� ���[� ����~ ��a�$~6� � � H¾�6�%� ��� � ��� ��� ��� �L��� �2�4� �3�L�®� � ��� ����~¡�4~6� � ���   ~�� ��� _d�3���)� ~6�1n KPO } N KPM � N � � ���d~ ���°� � KPM } N � �3� � �� � ~ � � ��� � � � �3���L� ��~q� � � �L�?� ~ � �$���4����~ ���L� � � � �q�¡�)�/� � � ��~6�d���4� � ~ � � � � H � � � ��� �/�����
.���� � ��~ b �Pn¡�L~ � �L~6��~6� � � � �L�4� � ~ � �-� �L�³� �d�B����� � �%� �VU S T&^ W � �3� U 3 T_^ W6��� � � �L�®� ��~ � � � ��� � � �L� ~�� ��� � �������� �)~6� � � � � �UJ � ~6��~q������� ��� �-� � ��� �L� � � � Í c nq� �� ����[� ����~ � ��~ ���L�³� �3� ��� ~¦�L~ � ~6����~��O�L��� � �%������� �4��3� � � � �����'� ��� �� ¾�L�3� ����~ �-b ��� �L� ~ � � �¡  ��� ��� �/���B��� ��� ~ � � �4� � ����� ��� � ���-~ � �L� ��� ��� ~ � � � ��� � � ��� ~�� �������� ��� ���-� �L�O��� ~��/���L~6� � ~ ��� �/��~?� �� ¾�L�3� ����~ � �2� � ~6��� � ~ X Z���]S T_^ W � �3� X Z���]3 T_^ W�� ��� ~q� �) ¾�L�3� ����~ � Âu� �?�)��� ��~��~6� � ������~6���%� ��� ~V�L��� � �%� ��U S T&^ W � �3�BU 3 T_^ Wd��~6� � ~ �8� ��� ~ � �4�
Z � � � �'� � � � � � ��� ~ �	��� �¡���'��� �����®��� ��� ~ ������� � ~�� � �L~6�B���4� � ~ � � � ���-� �/� T n�� b oSW¢�	� � �L� ~ � ��� ��~6� � ��� � ���� ��  � �3� � ~ �%� � � �L� ����� ���
�B� ��� �/�)~6�#�! "�$ & K O } N ����� ��� ~ �¡����� �"� � ��~��Q���4� � ~ � � ��� ~���~ � ~6��� ~��z����� � �%� � ~ ��� ���` � �6� � �L� ~6�   ~¦~ g�� ��~�����~2� � � k

` � c K ¼ ½ ��S ¼ ½ � 3 N`K U Ì S
� � U Ì 3 � � N Ì gih � �	����^ c Â�{2Ã2Ã�Ã�{ � pv} T b � � Â^W
J � ���Q��~ � ��~6�L~6� ����� ��� �O�%� ��� ~ �¡����� � � ��~��Q���4� � ~ � �/�[�4� �6��� ~6� �L�3���d��� ~�� � � d ��� �L� ~���~ � ~6��� ~��u������� ��������� ���� � �L��~ �'��� ��� � �¶�%� ��� g �������-� � ��� � � � � ��� � ����� � � � ��� ~O� ���¡  ~��¡��� � ��~������ � ��� ��� ����� ���3�%�¡��� ~ � � �/�)� �� �3� �¶�%�   � �L�¶�B��� ��� � ~6� ¼ ½ ��S � �3� ¼ ½ � 3 ��� ��� ~¢� ��� ~ �BV�� �¡� � ���L~ X�� ~6� � ~�� ��� ~�� �� ¾�L�3� ����~ � �����   � �������� � �%� � �[� � ~ � �   ~¡~6� � � �¶��� ~���������� � ~ � � �%� ��� � � ��� ~¡� �� ����[� ����~ � ��� ��� ~ Z �!\ �BJ � ~¡��~ � ~6��� ~�� ����� � �������� � � � ���L~ �'��� �/��� �B��� �L� g«�6� �   ~¦~ g$� ��~6�L��~�� � � k
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 Z ½�� � S ]½ T_» gY·iW��
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�	� �d����� � ��� É��BV ���L� � � � �B��� ~ � ����� � ��� �%� �����q���   � �L� T b � � n^W � �3� T b � � o W �6� �B� � � �/��  ~ ����� �/~�� ~���� �L� ~¦���4��	� � �¶��� ��� � � ��� ��� ����~��¢��� ��� ~¥��������~Q� ��  � �[� � ~-��~ ��� ������� ��~ X�� ��� �%� ~�� �L� � ��� ~¥�L�/��� ��� � ��  � �3��� ~-� ~ �8� � �L� � ����/�)� � / � ��~6� ��� �¢�/�[�4~ � ~6�3�4~6� �L� �¡�4~ � ~6� � ����~ ��� ~-� �u����� ��~ H[�/� ~6������� �B��� �L� � ~6� ¼ ½ ��S � �[� ¼ ½ � 3 KPb � N � � ~6���~6� �L� ~ � ~6���2��� �Q�3� �   ~6~6�u� � ���-�u��� K M É N KPM O?N � ���3�%�¥�L� ~   ~6� � � � ��� �   ~V�4����~ � �[�4~6� ��� ~6�L~ � ��� ����� � ��� � � ~���/� � �¶~�� � � �B��� ~ ¼ ½ � �3�O�L~ � ����~6� ��� ~¡�/� ����� ����� � ��� � ~ �8� � �qU �4~8�c K U Ì S
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�	��� �;�L� ~�� ��  � �[� � ~��$~ � � �u� ����� � �������%��¶��� ��� g ¬���� \&� � � � � �L��� ~6�u�/� KPb � N3�L�3���d��� ~ ���¡  ��� � � � ����� �B��� ��� g � �6� �   ~|��~ � ��� ~��   �q~ g���� � � � �������� ~ H ��� � ~�� �%�����3��  ~ �-� �L� � ~6� � �B�%� ��� ~ � � � ��� � � �L� ~��u�L�/��� ��� �
�-���d~6� ~6�2�4� ���/�)�  3��� d¡� � ��� ~V������� ��� �%�3� ���  )� ~ � � � ��� ��� ����� ���3�%� �4~6� � � � ~ ��� ~ � ��~6�L~6� � ~q�����/� � ~6�&�	~��������� ��~6�L�-� � � � �L� ~ H ��� � » g®· ~6����~6�4� ����� ~6�-�%� �¶��� ��� g ¬�� � ��~ � � �)���'�4~6�L~�� � � � ������~�� � � �3� � � �L� ~������ � ���
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` � c ¼ ½ ��S U S
� � g ¼ ½ � 3 U 3 � � gÝh � �	� �-^ c Â�{2Ã�Ã2Ã�{ � p�}�{ T b � � O W
� � ~6��~ �L� ~�� � � d ��� ��� ~-��~ � ~��/��~��¡�L��� � �%���¶�%� ��� g ¬������¥» gB·®� � �3� ��� ~�~ t ~ ��� ��� ��� ~|��� � ~6�&��~6������� � ��~6�L�� � � ~6����� ��� ~q�	��� � ��� � �����L~ �'��� ~2�®�����/�L~ � V��¦� � ���-� �/� ��� ~ � ��~6�4��� � �V�L~ ��� �/��� �	� � � �����L~ �'��� ~2� ��� ����~��� � � ~6��� d �)��� � ~2�4� ~-�%� ��� ~-��� � ~6���	~6�L�/�)� � ��~��-����� � �%� ��� d �����-��� �L� ~�� ��  � �3� � ~ � ~ �L� ���q�-� �/�4  ~�~6� � ~ � � ����� ��?t ~ ��� ~2�   � ��� ~V��� � ~��&�	~6�L~6� � ~��
�-���d~6� ~6�2�-��� ��� ~ �6� ��~ ��� �L� ~ � � ��� � � � ��  � �3� � ~ ��� � ����� ����� ���	��� � � ��� ~6� � � ��� � � �	��~ X�� ~�� � ��²d� �L� ~� � � � �L�  ���� �����Y����� � �/� � ~6�&�	~�������� � ��~6�L�¶�)� � ~ g�� �   � � ����� � � �8� ��� ����� ����� � �L� � � ���¡�L�3���u�3� � � � �����'� � � � �8� � ��	��~ X�� ~�� � �®���¦��~6� � �/���  �� ~ ��V�� ��� ~u� �)�¡  ~6���%����~ � ~��/��~��®� ���u��� ~6� � ��~�� ��� ��� ~u~6� � � �B��� �/���O��� � �L~ � �L~6������ ~ � � �8� � �¦� � ���L~ �'��� �/���O��� �L� ~¦��� � ~6���	~6������� � ��~������ � �3� � � ���L�  �� � � � ���L~ �'��� ~��O�)� ����~ � � � �4��~6����~6� � �?��~6���[�
\ � ���[�����6� ��~ � ��� ~ �L�3� ����~ � � �?����� �L~-��~6� � ������~q��� ��� ~ Z �!\-�6� �   ~¦�'�4~6� � � H ~��«�-� ��� � ����� �4� ���¡  �/� � � � �� � ��� � �2� � �[� ��� ~¢����� � �%� �-� ����  ~q��~ � ��� ~6�L~����!J � ~¦�L~ � ~6��� ~2� ����� � �%��� � ��� � �¦����� � � � �L��~ �'��� ��� � �B��� �L� g¶�6� �  ~�~ g�� �L~6���L~�� � � k

¬ 1� c ¼ ½ ��S ¬ 1­�� ¼ �½ ��S g ¼ ½ � 3 ¬ 1­ � ¼ �½ � 3 È T b � � �^W
\ �4~ ����� �4�   ~ �6��� �L~ ��� ~u�/� � ~6�&�	~�������� � �L~6�¡�4�4~6���)� � ~ g�� �   � ��� � �8� ��� ����� ����� � �L� � � ���q� � ��� � � ����~ X�� ~6� � �Ý²d�¬ 1­ � c Â � �3�u~ X��3�%� ��� � b � � �¢��~2� �3� ~6� � � k

¬ 1� c ¼ ½ ��S ¬ 1­�� ¼ �½ ��S È T b � � M W
J � ~ � � ��� � � � ��  � �3� � ~ ��� � ����� ����� ~ g���� � � � � ��� ~ � � ��� � ��� �������&� � ������~ �a�%� ��� �   ~ � �¥~6~�� ��� ~|����� � ��� �¥�L~ � ~6����~��� �3�u� �%�?��� ~�� ��� ~ � �L� �%� �L� ~¦� �� ¾�L�3� ����~ � �2� \ � ��� ~ � � �[�4� � ��� �B��� � � ��� ��� ���%� ��� � � ��� � �u��� ��� ~¢����� � �%� � ���~ � �L� � �� ����[� ����~ � �$� ~��-��� �d� � � ��� ��� ~ � � �8� � ��� �L� ����� � � ���L~ �'��� �/���B�¥� ��� �   ~V��~6���[�[J � ~ � �L� � � ��~2� � � �8� � �� ��  � �3� � ~ � ~ �L� ���¡�d� ��� � ��� ~6�L~��	����~¦��� � �   ~ �%����� � �6�� )� ~|��� ��� � ��~ � ��� ����� � ��� � � ~���� � ~6�L~ k
� J � ~ Z �!\ ~ g�� �   � � � � � ��� ��� ���%� ��� � � ��� � � �%���¦�3� � � � �8���'� � � � ��� � � �	��~ X�� ~�� � �O² � �3���
� ���B� �L� ~6�¦��� � ~6���	~6�L�/�)�O����� � ��� ~ g�� �   � � � � � ��� � � ���%� ��� � � ��� � � �%�V�L�3�����3� � � � �8���'� � � � ��� � � �	��~ X�� ~�� � �4�
J � ��� � � �)� �   ~ � �L� ��~6� ~2���4�	���-����� ��� � � ~���� � ~6�B�L�/��� ��� � �3� � ~¦�4� t ~6��~�� � ��� �¡  � � � ��� ~6���

����� < 	2G � �6A C 	�� A�� C � � �hC �
\ � ��� ���Q�L~ ��� �������4��� � ~d� �)� ~6�L� ����� ��~6� ����� � � ��~ � �L~6��~6� � ~����GJ � ~6�L~���~�� ����� �-�4~ � � ��� � � ��� ~ ��� ~-�L�  �� � � �)~6������ �L� ~ � � ��� � � � ��  � �3� � ~ ��� ��� ��� �L��� �-� �L� ��~6� � ~ �8�V� � � � �L��~ �'�%� ~��B�)� ����~ � �[�¡��� � ~6���	~6������� � ��~6�L���
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\ � �L� ���V~ g$� ~6�L� � ~6� �¦� �L�4� � ~ � �L~ � �L~6��~6� � ~��   � `ST_^ W c � T_^ W � K � T_^ W � U T&^ W�g	�ST&^ W N ��� � �������'�4~6�L~����� � ~6��~ � T_^ W c � T_^ W ��
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� �L��� � �%� � � �3���ST_^ W-��� � ���4� � ��� ~�� � � � ~�¤ ��� ����� � ���� ����~�� J � ~ � ���d� �3� ��� H3��� ~6� ���d��� ~ � � � ��� � � �L� ~6� � �[� �L� ~¦�L~ � ~6��� ~������4~6��� � ~�� � T_^ W��������4~ H �)~�� � � k
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A COMPARISON OF CYCLOSTATIONARY BLIND EQUALISATION TECHNIQUES

J. Altuna and B. Mulgrew1

Abstract: Interest in blind equalisation has grown in recent years due to the fact that in some communication
systems the transmission of a training sequence is not physically feasible. Most blind equalisation schemes to
date have sampled the channel output at the symbol rate to produce a stationary output sequence. This paper
presents a comparison of the performance of two algorithms for nonminimum phase blind channel equalisation
using fractionally-spaced sampling in the receiver. The major problem associated with nonminimum phase
channel equalisation is that the measured output statistics must preserve the phase characteristics of the channel.
Cyclostationary statistics, unlike the conventional second-order statistics, have been shown to be efficient in
this respect. Two families of algorithms [5] [1] are available which exploit the cyclostationary nature of the
oversampled received signal in different ways. Both philosophies provide algorithms which are superior to
existing symbol-spaced blind equalisation techniques in terms of reliability and speed of convergence. To date
no comparison of these two approaches has been carried out and this paper examines these techniques by means
of simulation using multipath channels.

1 Introduction

Interest in blind equalisation has grown in the recent years due to the fact that in many communication systems
the transmission of a training signal is not possible, e.g. broadcast systems. During the transmission time, the
original signal is exposed to severe distortion caused by the transmission medium such as multipath fading,
commonly called inter-symbol interference. The aim of the equaliser is to remove distortion from the original
signal and the main advantage of blind equalisation is that a training-sequence can be omitted.

The first steps in blind equalisation were given by Sato [8] and his work gave rise to a new set of algorithms
known as Bussgang algorithms. The main feature is their similarity to the LMS algorithm in terms of minimization
of a quadratic form and therefore low computational complexity but on the other hand their initial convergence
is slow. However, higher-order statistics methods have been shown to preserve the phase information necessary
to identify nonminimum phase channels. These require the channel output to be sampled at the symbol rate,
producing a stationary output. The most important drawback of HOS is the large amount of data necessary in the
estimation of the cumulants. The resulting delay produced in the estimation makes HOS algorithms impractical
for land mobile communications where it would be impossible to track the time-varying channel or at least it
results in loss of useful information.

However, if the channel output is sampled at a rate higher than the symbol rate, the output sequence generated
is not stationary but cyclostationary and Gardner [4] showed that identification of nonminimum phase channels
can be achieved using only second-order statistics exploiting the property of cyclostationarity. Many algorithms
have been developed based on the idea of fractionally-spaced sampling (also called oversampling) but the fact
that a discrete-time cyclostationary process can be described using a time series representation (TSR) in terms
of � stationary processes via a time-division demultiplexing operation [3], where � is the oversampling factor,
has yield two families of algorithms. The former is based on the use of second-order cyclostationary statistics
applied to the oversampled output and will be referred to as cyclostationary algorithms [5]. The latter exploits
some rich matrix structure derived from the multichannel representation of the TSR [1].

1J. Altuna and B. Mulgrew are with the Department of Electrical Engineering, The University of Edinburgh
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Figure 1: Communication system.

2 Problem Definition

Consider the situation shown in Figure 1 where the output sequence ������� is written as:

�������	��
�������
��������������������
��
����� � 
������ �"!#�$�����"����������� (1)

where, * denotes linear convolution and the input data sequence is obtained from �������	�&% ��' ���(�*)(���+�,�(!#�
where, ' ���"� is in i.i.d. process and )(����� is the discrete delta function. The filter 
������ represents the generally
nonminimum phase time-invariant channel. The oversampling factor ! is an integer --/. , where 0 is the baud
period and 0�1 the oversampling period. Thus, ������� is a wide-sense cyclostationary process, i.e., its mean243 �������65 and autocorrelation 74����869,�:� 243 �����4�;9,�$�=<>�����65 are periodic in � with period ! . The additive
noise ������� is a wide-sense stationary sequence, statistically independent from ������� .

The objective of the blind deconvolution problem is to identify the unknown impulse response of the channel
from a finite set of output samples and only partial information about ������� . Then, recover the input sequence
������� from ������� by means of inverse filtering.

3 Channel Identification Using The Complex Cepstrum of the Cyclic Autocor-
relation

A discrete-time blind deconvolution algorithm proposed by Hatzinakos in [5] will be described in this section as
an example of the family cyclostationary algorithms. The output of the channel is fractionally sampled at a rate
higher than the baud-rate and then the complex cepstrum of the cyclic autocorrelation obtained.

The cyclic autocorrelation 7@?A ��9,� is defined as the Fourier coefficients of the classical autocorrelation
function 7 A ����8�9,��� 243 �����+�B9,�$� < �����65 which is periodic in � with period ! .

7 A ����8�9,���C% ? 7 ?A ��9,�*DFE 2 G ?IH7 ?A � 1J % H ��KLJ�M
243 �����+�B9,�$� < ������5ID � E 2 G ?IH (2)

A homomorphic approach was proposed in [5] exploiting the ability of the complex cepstrum to separate
maximum and minimum phase polynomials from the transfer function of the channel. Provided that the complex
cepstrum of the cyclic autocorrelation is well defined or provided that the channel has no zeros on the unit circle,
a set of linear overdetermined system of equations can be formulated.

R ? a � r ? (3)

where, R ? is a 2 ��N 2 9,OP��� Q�86RS� matrix ���UTV9,OP��� Q�8�RI�$� with entries from the cyclic autocorrelation lags
of the form

W wYX
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��%$ 1 �&����� �	�
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���$��������'�(�)� �!������ �����*����� ����� �����*������ �
 ��
 1 
 1 �+����� � �
 ��
 1 
��������'�(�)� �!� � �
 �#
 1 $ 1 �+����� � �
 ��
 1 $����,���'�(�)� �-�� �
�� 1 
 1 � ����� � �
�� 1 
%������� ��� � �!� � �
"� 1 $ 1 � ����� � �
�� 1 $��������'�(�)� �-������ �����*����� ����� �����*������ �
 �.�/
 1 � ����� � �
 �.�/
0���,��� ��� � �!� � �
 �1�%$ 1 � ����� � �
 �.��$�������� ��� � �!�

2 3333333
4 (4)

a 576 8 � � 1 � �:9;9;9�� 8 � �.������� ��� � �!� �:9<9=9#� > � � 1 � �;9:9<9!�)> � �.�������'�(�)� �-�@? is 2 ���,��� ���)� ��A 1 vector with entries
from the differential cepstrum parameters and r � 5B6 � �	�
"�#
�� � �:9;9;9!� �C�
D��
 1 � �;
 �	�
"� 1 � �9;9:9)�:
�� � �
 �.� �@? is a 2 � A 1 vector.

The solution to equation 3 exists and is unique provided that the over-determined matrix R � has linearly
independent columns [6].

In terms of computational cost, the algorithm described above is computationallyquite expensive but however,
the computation of the cyclic autocorrelation involves less complex multiplications than in the estimation of
higher-order cumulants or moments.

Apart from the cyclic autocorrelation estimation, one singular value decomposition is computed to find the
least-squares solution of the overdetermined system of equations shown in equation 3. The size of the matrix in
this case is 2 � A 2 �������'�(�)� � where �*EB���,��� ���)� � . Parameters � and � are related to the channel model as
shown in [5].

4 Subspace Method for the Blind Identification of Multichannel FIR Filters

This section describes a subspace method for blind equalisation proposed by Moulines et al. in [1] based on the
multichannel representation of equation 1. This is in the same spirit of the pioneering work by Tong et al. [7]. It
exploits the orthogonality property between the noise and signal subspaces. The result is given as a minimisation
of a quadratic form and is believed to be more efficient computationally than [7] due to the fact that a single
eigenvector decomposition is needed.

Based on equation 1, for a certain value of F in ��� FD� the output sequence is obtained convolving a different
sequence of G �#9 � every H(I seconds. However, the input sequence ��� FD� can be expanded to J successive samples

of this sequence and the channel matrix spanned to create the following matrix H K'LNMO :

H K'LPMO 5
QRRRR
S

G � FD� 9:9;9T9:9;9 G � F $/UWV � 0 9;9:9T9;9:9 0
0 G � FD� 9:9;9 9;9:9 G � F $�UWV � 0 9;9:9 0
...

...
...

...
...

...
...

...
0 9:9;9T9:9;9 9;9:9 0 G � FX� 9;9:9 G � F $YUWV �

Z�[[[[
\

] K'LNM^ 5 H K_LPMOa` ^ $Yb K'LNM^ where 0 c�Fdc Ve
 1

(5)

and QRR
S

] K 0 M^
...] K'f�g 1 M^

Z [[
\ 5

QRR
S

H K 0 MO
...

H K_f�g 1 MO
Z [[
\ ` ^ $

QRR
S

b K 0 M
.̂..b K_f�g 1 M^

Z [[
\

] ^ 5 HO ` ^ $/b ^
(6)

The identification of the channel matrix H K'LNMO comes from the measurement of the autocorrelation matrix
� 


of the oversampled received signal like in [7].

� 
 5 H O �ih
H jO $ �ik

(7)
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For the channel to be identifiable from the correlation matrix, matrix H � needs to be full column rank. This

situation, ����� ��� H �
	���
���� , is fulfilled if

1. The polynomials ������� ��� 	 def������! 0 " �#���� � � have no common zero.

2. � is greater than the maximum degree 
 of the polynomials � �#��� �$� 	 , i.e. �&%'
 .

3. At least one polynomial �(�#��� ��� 	 has degree 
 .

where � is the length of the temporal window and 
 is the degree of inter-symbol-interference (ISI).
The fact that the rank of the product H �
)+* H ,� is 
-��� is represented in the first 
.��� eigenvalues of

matrix )0/ and the rest 1 �32�
425� eigenvalues correspond solely to the noise covariance matrix )76 .

8:9<;�= 2 for i=1, ..., M+N8:9 � = 2 for i=M+N+1, ..., P.N
(8)

where
= 2 is the variance of the noise.

The property of orthogonality between the signal subspace conformed by the first 
4�>� eigenvalues of
matrix )0/ and noise subspaces gives way to a unique identification of the channel parameters (up to a scalar
factor) as a solution of the minimisation of a quadratic form [1].

The subspace algorithm described in [1] involves three stages: (i) estimation of the autocorrelation matrix;
(ii) eigenvalue decomposition of that matrix; (iii) minimisation of cost function subject to linear or quadratic
constraints. The eigenvalue decomposition is of a 1 � by 1 � matrix. Finally a linear constraint requires less
computations since it involves solving a linear system compared to the quadratic constraint which requires one
further eigenvalue decomposition of a 1 � 
-� 1 	 by 1 � 
.� 1 	 matrix.

5 Simulation Results

To examine the sensitivity of the algorithms to the position of channel zeros, two nonminimum phase channels
were considered. The first

� 1
�$� 	?� � 1 � 0 @ 2 ��A 1 	 � 1 2 0 @ 35 B 3

� 	 � 1 2 0 @ 25 B 2
� 	 (9)

has one zero inside the unit circle at
� �C2 0 @ 2 and two zeros outside the unit circle at

� � 1
0 D 35 E 3

and� � 1
0 D 25 E 2

. To obtain the second channel the zero inside the unit circle is moved closer to the unit circle to� �F2 0 @ 5. Thus the second channel is:

� 2
�$� 	?� � 1 � 0 @ 5 � A 1 	 � 1 2 0 @ 35 B 3

� 	 � 1 2 0 @ 25 B 2
� 	 (10)

The source symbols G ��� 	 were drawn from bipolar binary data with a uniform distribution. Additive white
Gaussian noise was added to the output of the channel with signal-to-noise ratio 15 dB. The SNR is defined as

10 log10
�5HJI K �#��� I 2� H I 6 �#��� I 2 where L � � 	?� " � � 	NM<O � � 	 is the oversampled channel output uncorrupted by noise and P � � 	

is the noise sequence.
The following parameters were chosen in each of the algorithms. For the subspace algorithm the number of

virtual channels is 1 � 3, the width of the temporal window is ��� 10 and the degree of ISI is 
Q� 1. A
quadratic constraint was used to minimise the cost function. For the cyclostationary algorithm the oversampling
factor is also 1 � 3 and the value for the parameters R and S is 11 in both cases. In order to compare the
performance of both algorithms, channel identification was performed using different data lengths and 1000
symbols were then transmitted and equalised. 16 taps were used in the linear equaliser where a ZF equalisation
criterion was chosen. The MSE of the symbol estimates using a linear equaliser was obtained as shown in figure 2
for channel 1 and channel 2. The MSE is defined as:

W wNT
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Figure 2: MSE of symbol estimates.
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ˆ�
	�������� � ����� 
 2 (11)

where
�

is the number of Monte-Carlo trials (20 in our case) and ˆ�
	���� �

is the vector of the symbol estimates
from the � th trial. Figure 3 shows the BER or the probability of symbol error at the receiver which has to be
less than 0.1 so that one may switch to a conventional decision-directed equaliser with little chance of disastrous
error propagation [2]. In figure 2 the interesting thing to note is that for channel 1 the cyclostationary algorithm
performs better than the subspace method but for channel 2 the performances are similar in terms of MSE at
big data lengths but the convergence in the case of the subspace algorithm is faster. If the performance of each
algorithm is analysed with respect to the influence that getting the zero closer to the unit circle has, we see that
in the case of the cyclostationary algorithm the performance is clearly poorer. This is understood in terms of
the distortion introduced by the zero getting closer to the unit circle. One of the drawbacks of this algorithm is
that the complex cepstrum is not well defined when a zero is on the unit circle in which case the channel is not
identifiable but Hatzinakos proposes a method to deal with it which consists on moving the zero inside or outside
the unit circle. However it is recognised that this method is very sensitive to errors. In the case of the subspace
algorithm the first thing we note is that moving the zero closer to the unit circle does not affect the performance
so much and in fact the convergence is faster than for channel 1. Compared to the cyclostationary algorithm the
convegence of the subspace algorithm is faster for channel 2.

From figure 3 the following conclusions can be drawn. The cyclostationary algorithm opens the eye of the
equaliser with as few as 90 symbols used in the estimation of channel 1 and 280 for channel 2 whereas the
subspace algorithm takes 220 symbols to open the eye and only 140 for channel 2.

This result suggest that the subspace algorithm is perhaps better suited for channels with zeros close to the unit
circle which make them good candidates for a typical mobile radio communication environment where it is quite
common to find nonminimum phase zeros close or even on the unit circle. The advantages of the cyclostationary
algorithm is that it is less sensitive to correlated noise and exhibits faster convergence when zeros are far from the
unit circle. In terms of computational cost, the size of the cyclic autocorrelation matrix of equation 4 is 22x22
(2 ��� 2 � �"!

�$#
%'&
�
) for the cyclostationary algorithm in both cases, whereas in the case of the subspace algorithm

the size of the autocorrelation matrix is 30x30 ( (*) +,�-(.) + ). However, it is worth noting that reducing the length
of the temporal window ( + ) in the subspace algorithm gives rise to a smaller autocorrelation matrix and zeros
closer to the unit circle carries an increase in the size of the cyclic autocorrelation matrix (equation 4).
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Figure 3: BER of symbol estimates.

6 Conclusions

This paper presents some results of two algorithms for nonminimum phase channel equalisation, which represent
cyclostationary statistic based methods [5] and subspace based methods [1] respectively. Thus far, no comparison
of these approaches has been carried out and this paper examines these two techniques by means of Monte-Carlo
simulations. The authors believe that this analysis will lead to a better understanding of this problem, and
therefore give rise to improved equalisation algorithms.
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SUMMARY

In this paper we address the problem of blind equalisation in the mobile radio environment using cyc-
lostationary techniques, where the channel is generally nonminimum phase and the phase information of
the system has to be preserved. Conventional second-order statistics applied to the received signal sampled
at the symbol rate do not preserve phase information and therefore cannot be applied to identify separate
minimum phase and maximum phase zeros of the channel. It has been shown that phase information can
be preserved using only second-order statistics if the received signal is sampled using fractionally-spaced
sampling. This paper deals with the issue of how the convergence of the cyclostationary blind equalisation
algorithms compares to conventional supervised methods in the pan-European mobile radio system GSM.
The results suggest that the convergence speed of some of the actual cyclostationary algorithms is fast for
stationary channels but slow compared to conventional supervised non-adaptive (LS) and adaptive (LMS)
algorithms in time-varying mobile radio channels.

KEY WORDS Blind Equalisation; Nonminimum Phase Channels; Cyclostationarity; Mobile Radio
Channels

1 INTRODUCTION

Interest in blind equalisation has grown in recent years due to the fact that in many communication
systems the transmission of a training signal is not possible, e.g. broadcast systems. Most blind equalisa-
tion schemes to date have sampled the channel output at the symbol rate to produce a stationary output.
The system identification procedure based on second-order statistics of the stationary output can be used
efficiently to identify channels which are either minimum phase or maximum phase, but they cannot be
used for nonminimum phase channel identification since they do not preserve phase information. To over-
come this limitation higher-order statistics (HOS) of the stationary output have to be applied. The most
important drawback of HOS is the large amount of data necessary in the estimation of the cumulants. The
resulting delay produced in the estimation makes HOS algorithms impractical for land mobile communic-
ations where it would be impossible to track the time-varying channel or at least it results in the loss of
useful information.

However, in recent years it has become clear that many of the inherent problems of blind equalisation
can be solved by adding an extra degree of freedom to the receiver. This extra degree of freedom could
come from oversampling (fractionally-spaced sampling) the received signal by an integer factor � or
equivalently by measuring the signal using � antennas. The pioneering work by Gardner [6] and Tong et
al. [10] suggested faster algorithms using only second-order statistics of the oversampled received output

1
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due to the fact that less data is necessary in the estimation process compared to HOS methods. Tong et
al. are thought to be the pioneers in blind channel equalisation using fractionally-spaced sampling and
since then considerable research activity has taken place and many new algorithms have emerged in this
area. Gardner [6] investigated the use of the cyclic spectrum [7] in channel identification but he proposed
a channel identification algorithm which is not truly blind since it relies on sending a training signal
either periodically during message transmission or superposed on top of the message signal. However,
his work is considered to be the first in the family of blind channel identification algorithms exploiting
second-order cyclostationary statistics. Motivated by his work, other algorithms that exploit second-order
cyclic statistics (SOCS) [7] have been proposed [1] [9] [11]. Either the oversampling representation or
the multichannel representation suggested the possibility of exploiting some especial matrix structure
which resulted is a series of algebraic methods [5] [10] [12] [13] and other methods based on Maximum-
Likelihood [14] [16] have also been proposed and comparative results can be found in [15] [8] [17] [18]
[19].

Until now there has not been a proper comparison on the convergence of cyclostationary blind equal-
isers in a mobile communications environment where existing adaptive equalisers with training take only a
few hundred data samples to converge. First indications show that convergence properties of cyclostation-
ary blind equalisers could make them good candidates for this task. Besides, blind equalisation techniques
could represent a valuable alternative to conventional adaptive equalisers in the presence of severe mul-
tipath fading. This paper is concerned with convergence and tracking properties of two cyclostationary
algorithms representatives of cyclic statistics based methods [9] and multichannel methods [5] in the di-
gital mobile communications environment. Simulations will be conducted using the COST207 model set
up by the European Commission for simulating a GSM system.

The rest of the paper is organised as follows: In Section 2 the general problem of blind equalisation
based on a single sensor oversampled or multiple sensors sampled at the symbols rate will be formulated
completed with the limitations and advantages of the cyclostationary algorithms. In Section 3 and 4
two representative algorithms will be described. The performance evaluation and comparison of these
algorithms will be presented in Section 5 using fixed channels and a simulation will be conducted using
the multichannel method in order to compare the performance of blind channel estimation techniques in a
multipath fading environment. Finally Section 6 draws some conclusions.

2 PROBLEM FORMULATION

The system configuration is shown in Figure 1 where the discrete-time input sequence � ����� is con-
volved with a different subchannel ���
	�� ��
�� as a result of oversampling. The received signal ����	�� ����� at the�
th sensor, sampled at ��������� � can be formulated as:

� �
	�� ��
�� �
!"

#%$'& ! � ����� � �
	�� ��
)(*���'+-, ��	�� ��
�� (1)

or equivalently

� ��
�� �
!"

./$'& !*0
��1�� � ��
2(31 � ��+4,5��
�� �7698 (2)

where � is the baud-period of the source signal, 0
��1�� �;: # � �����=<���1>(?� � �

is the oversampled input
sequence which takes nonzero values every � samples,

<@��1��
is the Dirac delta, � ���@� is the generally

complex, i.i.d. sequence of symbols at the baud-rate and
,5��
��

is a wide-sense stationary noise sequence
statistically independent from � ���@� . Since � (4A

zeroes are interpolated between any two symbols of the
input sequence � ����� to form the oversampled input sequence 0

��1��
, the nonzero values are multiplied by
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the channel coefficients ����������������������� �!�"������#$� at one time instant and by ���&%������'���)(*%���������� ���'����#+(*%��
another instant. The subchannel �-,!.�/
��01� associated with the 2 th sensor can be formulated as:

� ,!.�/ ��01�435����26(701�8���
9 2:35�;��%��=<=<�<>���@?7%0A3B�;�=%��=<=<�<
��# (3)

where # is the degree of ISI of the subchannels.
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Figure 1: Oversampled output sequence, a) oversampling representation, b) multichannel representation.

Since Tong et al. presented their algorithm several articles have appeared in the literature not only
presenting new algorithms but also providing a fundamental analysis of both cyclic statistics algorithms
and subspace algorithms [2] [4] [8]. There are some inherent ambiguities in all blind equalisation schemes.
Sign ambiguity is present at the blind equaliser when the probability distribution of the original signal is
symmetric. This problem can be overcome by initialising the deconvolution filter with the desired sign or
employing differential encoding in the transmitted sequence. On the other hand, it has been established [7]
that both cyclic or multichannel methods share a common critical condition which marks the sufficient
identifiability condition:C Theorem: The oversampled channel ����01� can be identified if and only if the channel transfer

function: D7��E��8F3HG�IJ���K01�"EML I
does not have zeros uniformly spaced around the unit circle with

separation of N�O�PQ� rad.

This problem, although a critical condition is rare and will only occur for specific values of � only.
Particular interest has been shown in the identifiability conditions of bandlimited channels. A serious
drawback of cyclic statistics methods is the inability to identify channels which are strictly bandlimited to
a total bandwidth less than N�O�P�R [2]. Because the support band of the cyclic spectrum SUT"V&W4��XY� lies in
the band Z X[Z]\^N�O_��`a?b%QPQNcRY� , where ` is the bandwidth of the channel, no information can be gained
if the bandwidth falls below %cPQNcR and the identification problem reduces to a classical power spectrum
based estimation problem. A series of singular channels which are unidentifiable using SOCS can be seen
in [4] [8].

Compared to HOS approaches, cyclostationary algorithms present the following advantages:C Fewer data samples are required in the estimation of the channel.C No constraint is imposed on the p.d.f. of the input data.

C Fractionally-spaced sampling is less sensitive than synchronous sampling to timing errors.
3
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3 CYCLIC STATISTICS BASED CHANNEL IDENTIFICATION ALGORITHM

A discrete-time blind deconvolution algorithm proposed by Hatzinakos in [9] will be described in
this section as an example of the family of blind identification using SOCS. The output of the channel is
sampled at a rate higher than the baud-rate and then the complex cepstrum of the cyclic autocorrelation
will be obtained.

3.1 Problem Definition

Consider the situation depicted by equation 2. The input sequence �
	���
 padded with zeros is a wide-
sense cyclostationary process, i.e., its mean ������	���
�� and autocorrelation ����	�������
�� ���!�
	���"#��
$�&%'	���
��
are periodic in � with period ( . ����	��)����
*�+����	���",(-����
 (4)

Let us define the cyclic autocorrelation function of the output sequence .�	�/0
 as the Fourier coefficients
of the periodic autocorrelation function:

��1�	�/2����
3�+4�56� 51 	���
$798;:�< 5�= > � �( � �2?A@ (5)

and

� 51 	���
B�DCFE;GHJILK MN (
H&O2PRQ
4=�SRT �U��.�	�/V",��
W. % 	�/�
��!7 P 8;:)< 5!= (6)

where
N

is the number of symbols used in the estimation.
It will be assumed that the transfer function of the channel allows the following factorisation [9]X 	�YZ
2�+[�Y!\9]0	�Y PRQ 
$^_	�Y`
 (7)

where, [ is a constant gain, a is a constant delay in time, the ]0	�Y PRQ 
U�cbedgfh i f
j Q�PRk hmlon f$pb d9qhri f
j QoPRs h l n f p is a minimum

phase polynomial and ^_	�Y`
-� b H&t8 S Q 	 Mvuxw 8 YZ
 is a maximum phase polynomial, where y z 8 yR{ M , y | 8 y�{ Mand y w 8 y�{ M .The coefficients [}	�/�
 and ~e	�/�
 are the differential cepstrum parameters which contain the minimum
phase and maximum phase information of the channel �2	�/�
 , respectively. They are defined as

[}	�/�
��
H f48 S Q z
=
8 u
H q4 8 S Q |
=
8 � /�� M ���J�g�g�9�)��� ~_	�/�
��

H t
48 S Q w
=
8 � /�� M �����g�g�9�$��� (8)

The objective of the blind channel identification problem is to identify the unknown impulse response
of the channel from a finite set of output samples and only partial information about �2	���
 . Then, by
applying inverse filtering to the sequence .�	�/�
 , the original input �2	��J
 can be recovered.

3.2 Channel Identification Using The Complex Cepstrum of the Cyclic Autocorrelation

A homomorphic approach was proposed in [9] exploiting the ability of the complex cepstrum to separ-
ate maximum and minimum phase parts of the channel in Equation 7. Provided that the complex cepstrum
of the cyclic autocorrelation is well defined or provided that the channel has no zeros on the unit circle, a
set of linear overdetermined system of equations can be formulated.

R
5

a � r
5

(9)
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where R � is a 
�����
 max ��������� matrix ����� max ����������� with entries from the cyclic autocorrelation
lags of the form !!!!!!!"

# �$ �&%'�(%*)+�-,�,�, # �$ �&%'�*% max �.���/���0� # �$ �&%'�21�)+�-,�,�, # �$ �&%'�31 max �����������,�,4, ,�,�,5,�,4, ,�,�, ,�,�,6,�,�,# �$ �&%7)8%*)+�9,�,�, # �$ �&%7)'% max �.�����:�0� # �$ �&%7);1�)+�9,�,�, # �$ �&%7)	1 max ���������0�# �$ �&)8%()+� ,�,�, # �$ �&)8% max �.�����:�0� # �$ �&);1<)+� ,�,�, # �$ �&);1 max ���������0�,�,4, ,�,�,5,�,4, ,�,�, ,�,�,6,�,�,# �$ ���(%=)+� ,�,�, # �$ ���(% max �.���/���0� # �$ ���21�)+� ,�,�, # �$ ���21 max �����������

> ???????@ (10)

and � and � are two positive integers.
The vector a ACB D � �E)+�F�+G+GHG&��D � � max �����������F�+GHGFG&�/I � �E)+�F�HG+GFG0�/I � � max �����������KJ has a length of 
 max �.�������:�) with entries from the differential cepstrum parameters, r � A�B � # �$ �&%'�L�M�+G+G+GE� # �$ �&%7)+�M�+% # �$ �E)+�F�GHG+G��+%'� # �$ �N�L�KJ is a 
��O�P) vector and ��� max ��������� .
In practice, the cyclic autocorrelation function can be estimated using only sample estimates [9]Q# �$ �NRS�TA )U	V<WYX[Z]\^_:`�acb ��de1(RS� bYf ��dg�0h Zji�kEl � _ (11)

The solution to equation 9 exists and is unique provided that the over-determined matrix R � has
linearly independent columns and it is given as a set of values D � ��dg� and I � �Ndg� which are defined as

D � ��dg�TA�me�Ndn�o1(p f �Ndn��q Z _�I � �Ndn�;A�m f ��dg��q _� 1*pr��dg�
s �tduA�)���
j�HG+GFG�� max ��������� (12)

This linear system of equations has a solution for those values of d which are not multiples of the
oversampling factor

V
and consequently, the differential cepstrum parameters for dvA V ��
 V �HG+G+G have to

be estimated through interpolation. The solution to this linear system determines the differential cepstrum
parameters me��dg� and pr��dg� of equation 8 and from there the impulse response of the channel using:w ��xj�TA�y/��xj�oz8{j�Nx|� (13)

where y/��xj�;AC% )xr}�~ \^_�` k
B m���dr%*)+�KJHy��Nxe%Pd�1<)+�F� x�A�)��+G+G+GE��� \ � (14)

{j�Nxj�TA )x a^_:` }/~ \
B pr�&)�%�dn��J�{j�Nxe%Pd�1<)+�F� x�AC%7)��HG+G+G��+%'� k , (15)

The selection of the integers � and � is carried out so that these are large enough that the differential
cepstrum parameters which decay exponentially go bellow a certain constant threshold:

m����j�8�*D�� �r�P��A�B ������D��/�[���o�N����J pr�����'�*D�� �P�*�7A�B ������D��������g���F��J (16)

where max �0� � } �.���
w
} � ���*����) and max �0� � } � ���*�L��) and D is an small constant like )+� Zj� . It is apparent

from equation 16 that the closer the zeros are located to the unit circle, the bigger the parameters � and � .
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3.3 Performance analysis

The algorithm fails when there is a zero on the unit circle or very close to it, because ideally we should
make ����� and/or ����� , which becomes impractical. The variance in the estimation of the channel
parameters therefore increases as the channel zeros move closer to the unit circle as a result of truncating� and � . When zeros are located on the unit circle a procedure to move the zeros away from the unit circle
can be adopted [9]. It is also important to note that among the assumptions made it is required to know
at least how many zeros lie inside and outside the unit circle. This requirement is considered unrealistic
when we deal with time varying channels where not only zeros can lie on the unit circle or very close to it
but it also shows a pattern of zeros moving inside and outside the unit circle constantly.

The algorithm described above is computationally more expensive than other gradient type blind de-
convolution algorithms (Bussgang algorithms) but the computation of the cyclic autocorrelation, however,
involves less complex multiplications than in the estimation of higher-order cumulants or moments. For
example, given � data samples the estimation of the cyclic autocorrelation lag �
	�
����� requires �������
complex multiplications while the estimation of the fourth-order cumulant lag � � ������������� requires ��� �!�
complex multiplications. Besides, the cyclic autocorrelation estimation, one singular value decomposi-
tion is computed to find the least-squares solution of the overdetermined system of equations shown in
Equation 9. The size of the matrix in this case is ��"$#%� max � � � � � where "'& max � � � � � .

4 SUBSPACE METHOD FOR BLIND IDENTIFICATION OF MULTICHANNEL FIR FILTERS

Inspired in Direction of Arrival Estimation (DOAE) techniques, several algebraic methods have been
developed. In this section a subspace method [5] which is reminiscent of the MUSIC algorithm for DOAE
will be described. It exploits the orthogonality property between the noise and signal subspaces and the
result is given as a minimisation of a quadratic form.

4.1 Problem Formulation

Consider the situation depicted by equation 1 where the discrete input sequence ( ��)�� is convolved
with a different subchannel every *,+.- seconds. Consequently, we might define a �/# � �'�10 � filtering

matrix 2%354768 associated with a particular subchannel as:

2 354768:9
;<<<<
=
> 3?4?6 ����� @A@A@ > 35476 � 0 � � @A@A@ @A@A@ �� > 35476 ����� @A@A@ > 35476 � 0 � � @A@A@ �

...
...

...
...

...
...

...� @A@A@ @A@A@ � > 35476 �����B@A@A@ > 35476 � 0 �
CEDDDD
F (17)

where
> 35476 9HG > 35476 �����I�A@A@A@J� > 35476 � 0 �EKIL are the coefficients of the M th subchannel, � is the length of the

observation window and the superscript N denotes transpose. Equation 1 can be rearranged in terms of the
filtering matrix 2 3?4?68 as: O 354?6PQ9 2 354768 ( P �R" 35476P (18)

where ( P 9QS ( ��)��I� ( ��)UT � �I�A@A@A@J� ( ��)�T � T 0B�'� �WV L is the � ��� 0 � #R� vector which contains the
input sequence ( ��)�� , where the superscript N denotes transpose. In the same fashion, we can define the�X#R� noise vector " 35476PY9QS " 35476 ��)��Z� " 3?4?6 ��)[T � �I�A@A@A@J� " 35476 ��)\T ���'� �WV L and the received signal vector

vector

O 35476PQ9�S O 35476 ��)��I� O 35476 ��)UT � �I�A@A@A@E� O 35476 ��)UT �]�^� �_V L .
6
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By expanding equation 18 to the � subchannels, the received signal vector � � can be written as:� � ������
	 � �
���������������� � �
���������� � � (19)

and � � ��� �"! �$#&% � (20)

where � � ������('*),+ � � ��- #�. ��/10 � 	 � �
�2���� ��������� � �
���������� � � is the � /43 ) / # -50 filtering matrix.
The linear filtering representation of equation 20 gives way to the following representation of the

received signal autocorrelation matrix 6"7 ��� � 698 �;:� # 6"< (21)

where the superscript = denotes conjugate transpose,

6>8 �@?BAC! � ! : �*D is the source signal autocorrela-

tion matrix and

69< �@?EA % ��% : �>D �GFIH�J is the autocorrelation matrix of the white noise sequence with

variance FIH and J the identity matrix. It follows that provided that the unknown source autocorrelation
matrix

698
is full-rank and matrix �K� is full column rank, the received signal autocorrelation matrix ad-

mits the eigenvalue decomposition

6>7 �GL"MON : where matrix M is a diagonal matrix which contains the
eigenvalues P � ���Q���R� P � � ��� of matrix

697
, wherePTS�U F H for V �XW ��YZYZYZ��- # /\[ .PTS �]F^H for V � - # /_��YZYZYZ� � /`[ . (22)

The eigenvectors of matrix L associated with the first / # - eigenvalues P�S form the so called� /a3 ) / # -@0 signal eigenvectors matrix b �dc e � ��������� e �Of�g ���ih , whereas the eigenvectors asso-
ciated with the last � /j[5/k[l- conform the � /m3 ) � /k[5/n[@-50 noise eigenvector matrixo � 	 p � ���Q���q� p � � � � � g ��� � . The / # - columns of matrix b span the signal subspace whereas
the columns of matrix

o
generate the so-called noise subspace . By orthogonality between the columns of

matrix b and
o

it can be concluded that any vector from the noise subspace is orthogonal to any column
vector in the signal subspace and by extension to any column of the filtering matrix � �p :S � ���]W Wsr V r � /\[t/\[u-v[ . (23)

When only sample estimates of the received signal autocorrelation matrix

6w7
are available, the set of linear

equations of equation 23 can be solved in the least squares sense, as the minimisation of the following
quadratic form: x � � � � � � g ���ySZz � {�|p :S � � { H � � � � � � g ���ySZz � |p :S � �"� :� |p S (24)

or equivalently x � � � � � � g ���yS}z � + :>~ S ~^:S + �]+ :G� � � � � � g ���ySZz � ~ S ~�:S"� + �]+ :>� + (25)

where + � 	 + �
����� �Q������� + �
��������� � � and ~ S �]'*) |p S � � ��/_��- #]. 0 .
The estimate of the channel parameter vector + is obtained by picking up the eigenvector associated

with the smallest eigenvalue of matrix � . The estimate of the channel impulse response is non-coherent
and proper gain and phase adjustments need to be made. The uniqueness of the estimates up to an scalar
factor relies on the especial structure of the filtering matrix ��� which makes it full-rank provided that the
following conditions are met:
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� i) The polynomials
�������	��

�������������	����� ����������� 
 � have no common zero.� ii) ! is greater than the maximum degree " of the polynomials

� ����� ��
#�
, i.e. !%$&" .� iii) At least one polynomial

� ����� ��
#�
has degree " .

4.2 Performance Analysis

An analysis of the performance of this subspace methods was presented in [8]. The variance of the
estimate of an unit-norm channel is given by

')(* �,+.-�/�0 � / (21 � ' (3547698 ')(7:7;=< (26)

where
3

is the number of symbols used in the estimation of the autocorrelation matrix >@? and

6 �BA � �DCFE �GH7� E
��I9J E �GKL� JF��I9J E �

3NMBO P O3 Q tr 4�R@S �UT AWVYX K � R[ZR\SH^] I >9_ �`MaP�� ] SI ZR H ;\<
: � A � �DCFE �GH7� E

��IbJ E �GK � JF��I9J E �
3NMBO P	O3 Q tr 47R S �UT AcVYX K � R ZR S H �UT AWVYX J K � ZR H ;@d

where
T A is a efQge identity matrix,

� X H � � � �ihkj if l � � 8Ym and
O m Oon ! M j <p

otherwise
d

and ZR H@q�sr Zt E7u H <2v2v2v < Zt A I9J�I9J �wu H`x
where Zt � u H �fy{za|7y S ] I\} S H t � d

Matrix } H �s~ ��� H < e < "�8 j < ! �
is obtained using the same transformation ~ � v � as in equation 17,

where
� H denotes the m th column of the pseudoinverse of matrix } and z9|�� diag

��� � <2v2v2v < � A I9J E � is the
diagonal matrix associated with the signal eigenvector matrix y .

For a sufficiently large number of symbols used in the estimation (
3�� ! ), 6 and : are independ-

ent of
3

and the lower bound of the variance of the channel parameter estimates can be obtained in a
computationally efficient manner.

In terms of computational cost, the subspace algorithm involves three stages: (i) estimation of the
autocorrelation matrix, (ii) eigenvalue decomposition of that matrix; (iii) minimisation of a cost function
subject to linear or quadratic constraint. The eigenvalue decomposition is of a e@! by e@! matrix. Finally,
a linear constraint requires less computations since it involves solving a linear system compared to the
quadratic constraint which requires one further eigenvalue decomposition of a e � "�8 j � by e � "�8 j �
matrix.
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5 SIMULATION RESULTS AND DISCUSSION

In this section we compare the performance of the two representative algorithms described in the previ-
ous section by means of computer simulations. In the first experiment their performance will be evaluated
in the presence of time-invariant multipath channels and the second experiment shows the performance
of the subspace method for blind channel identification in a typical urban multipath fading environment
modelled using the COST207 model compared to conventional supervised adaptive and non-adaptive al-
gorithms.
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Figure 2: Position of the zeros for channel 1 and channel 2 respectively.

5.1 Experiment 1

In this experiment we first examine the sensitivity of both algorithms to the position of zeros in the
unit circle and the choice of the oversampling factor. Two nonminimum phase channels were selected and
the positions of the zeros are shown in Figure 2. The input is a bipolar binary signal and additive Gaussian
noise was then added to the output of the channel. A symbol-spaced MLSE receiver using the Viterbi
algorithm was used in the receiver with a delay of 10 symbols . The oversampling factor is ����� and
in the subspace algorithm the width of the temporal window is ������� and the degree of ISI is 	
��� .
A signal subspace based quadratic constraint was selected to minimise the cost function in (25) [5]. For
the cyclic algorithm both parameters � and 
 were 11 for channel 1 and channel 2. The performance was
measured in terms of BER over 20 Monte-Carlo trials using 200 symbols in the estimation of the channel.
The results are shown in Figure 3 and it suggests that in both cases the subspace method performs better.

A second simulation was conducted to evaluate the performance in terms of the variance of the channel
estimation and the results are shown in Figure 4. The sample variances of the fractionally-spaced channel
estimates are shown for an oversampling factor ����� and again it shows the better performance of the
subspace method for both channels. The variance of the sample estimates was obtained using 20 Monte-
Carlo runs and for a ��������������� dB scenario. The asymptotic variance of the subspace algorithm was
also simulated. However, a second run of the cyclic algorithm using an oversampling factor of �����
suggests that the variance of the channel estimates can be brought down to almost the same level as the
subspace algorithm. This fact can be understood by looking at the true values of the differential cepstrum
parameters �����! and "#�$�! as shown in Table 1. Because ���$�! and "%���! can only be estimated for those
values of � which fulfill the condition �'&�(�*)�+,�*).-�-�- and those singular values can only be estimated using
interpolation such as the Newton-Aitken interpolation technique [9], we see that for a �(�(� scenario the
interpolation is closer to the true values of �����! and "%���! and the performance is better. Despite the
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Figure 3: Comparison of cyclic and subspace algorithms in terms of BER for different ��������� scenarios
for an oversampling factor of 	�
�� .

closeness of one of the zeros to the unit circle in the case of channel 2 which traduces in a longer value of
 for the ������� sequence, the performance is better than for channel two for both 	�
�� and 	�
�� . This
is due to better interpolation carried out with both 	�
�� and 	�
�� in the case of channel 2 compared to
channel 1.

5.2 Experiment 2

In this experiment we evaluate the performance of the subspace method for blind channel identi-
fication compared to conventional supervised methods in the pan-European digital mobile radio system
GSM. The propagation channel was modelled according to the COST207 directive set up by the European
Commission and was implemented using the model developed by [3]. The central carrier frequency of
the GSM-TDMA system is 900 MHz with 8 channels (frames) per carrier, each spaced by a 200 kHz
bandwidth. The channel data rate as in GSM is 270.833 kbits/s, which results from transmitting at a baud-
period of 3.69 � s. The structure of a typical time-slot is shown in Figure 5 where two bursts of information
data containing 58 bits each are transmitted with a midamble 26 bits for the training of conventional su-
pervised algorithms. In this scenario a complete time slot is read first and the training sequence from left
to right is used to recover the second burst of data and next the training sequence from right to left is used
to equalise the first burst of data from right to left. In blind equalisation the 26 bits allocated for training
can be reallocated as information data which as a result gives an information data rate of 246.53 kbps
compared to the 201.07 kbps of the conventional supervised method. The procedure for recovering the
data requires the data from one time slot to be read and used to update the equaliser and recover the 142
data bits. The source signal is a 4-QAM signal and the transmitter filter is a raised-cosine spectrum type
filter with roll-off factor ��
������ .

The propagation channel is modelled as a multipath fading impulse response with six taps simulating a
typical urban (TU) environment where the multipath effect extends to up to 5 � s with a significant reflector
occurring at 0.2 � s due to large buildings nearby. A Doppler frequency of 40 Hz was considered as a result
of a vehicular speed of 48 km/h. In a second experiment a Doppler frequency of 125 Hz was considered
for a vehicular speed of 150 km/h. The receiver comprises an analog receiver filter and the output from
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Figure 4: Variance of channel parameter estimates for channel 1 and channel 2; sample estimates and
theoretical lower bound for subspace algorithm.
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156.25 bits

8 Time slots

Figure 5: Time slot structure for a 8 channel TDMA system.

the Rx filter is sampled ����� times faster than the symbol rate. The equaliser is a symbol-spaced Viterbi
equaliser (VE) with ��� states. A delay of 5 times the memory of the equaliser was used in making the
decisions.

The simulation was performed by comparing the subspace blind equalisation method, a supervised
non-adaptive algorithm and a supervised adaptive LMS algorithm. The non-adaptive method estimates
the channel through the training sequence and this estimate is held fixed for the Viterbi algorithm for the
entire burst and it is only updated in the next time slot. The adaptive receiver uses a least-mean square
(LMS) algorithm where the training bits are used for start-up purposes and the equaliser parameters are
constantly updated through the burst. Figure 6 shows the BER performance for different �
	���
�� scenarios,
where 20 realisations of the thermal noise for a Doppler spectrum of 40 Hz and 125 Hz respectively. Data
from 4 time slots have been used by the blind equalisation method. In Figure 7 we note that taking data
from adjacent time slots reduces the BER but this reduction is less apparent as the Doppler spectrum
increases. In both Doppler spectrum scenarios, data from 1 time slot is insufficient for the blind algorithm
to achieve a similar BER performance of the conventional supervised methods and even with 4 time slots
the achieved BER is considerably worse than conventional supervised methods. The fact that the Blind
Equaliser (BE) does not need a dedicated training signal means that the spectral efficiency of the system
can be improved. All the experiments were conducted by running the respective algorithms for 5 periods
of the propagation channel in order to avoid locally generated results.
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Channel 1
True values Interpolated ����� Interpolated ������ ���	��
 �
����
 ������
 ���	��
 ������
 �
����


0 0.3236 -0.1942 0.3236 -0.1942 0.3236 -0.1942
1 -0.1905 0.2740 -0.1905 0.2740 -0.1905 0.2740
2 0.1377 -0.0762 -0.1141* 0.2495* 0.1377 -0.0762
3 0.0993 0.0472 0.0993 0.0472 0.0993 0.0472
4 -0.0039 -0.0182 -0.0039 -0.0182 0.0389* 0.0508*
5 -0.0046 0.0091 -0.0143* -0.0226* -0.0046 0.0091
6 0.0073 -0.0039 0.0073 -0.0039 0.0073 -0.0039

Channel 2
True values Interpolated ����� Interpolated ������ ���	��
 �
����
 ������
 ���	��
 ������
 �
����


0 0.7716 -0.0098 0.7716 -0.0098 0.7716 -0.0098
1 0.5223 0.0242 0.5223 0.0242 0.5223 0.0242
2 0.4290 -0.0004 0.3960* 0.0179* 0.4290 -0.0004
3 0.3259 0.0003 0.3259 0.0003 0.3259 0.0003
4 0.2452 -0.0000 0.2452 -0.0000 0.2458* 0.0002*
5 0.1851 0.0000 0.2023* -0.0000* 0.1851 0.0000
6 0.1397 -0.0000 0.1397 -0.0000 0.1397 -0.0000

Table 1: Differential cepstrum parameters for channel 1 and channel 2. True values and interpolated for
oversampling factors of ����� and ����� .

5.3 Discussion

The blind equalisation methods described in this paper are applicable to all channels except those

� with zeros on the unit circle [9]

� with zeros evenly spaced radially from � to ��� with angle ������� [9] [5]

� strictly bandlimited to less than ������� [9].

Among the advantages and disadvantages of each algorithm there is the fact in the subspace algorithm
that the various noise processes ���! #" ��$%
 are not necessarily uncorrelated since the frequency &'����( may be
higher than the Nyquist rate. In that case, a whitening operation has to be used which involves knowledge
of the noise autocorrelation matrix. The advantages are the fast convergence and the fact that it is not
as sensitive as the cyclic algorithm to the position of channel zeros. Equally to the algorithm in [10] the
linear system of Equation 21 needs to have a precise rank and difficulties are to be expected when some
zeros of any two subchannels get too close.

The cyclic algorithm has the advantage of fast convergence rates when zeros are far from the unit
circle but the performance degrades for certain channels when interpolation of some of the values of the
differential cepstrum parameters has to be made. The method can work equally well with finite impulse
response (FIR) and infinite impulse response (IIR) channels and it is insensitive (in theory) to correlated
noise. The problems associated with zeros on the unit circle or very close to it, sensitivity to interpolation
depending on the channel and the fact that up to date information of the amount of zeros that are located
inside and outside the unit circle must be known suggest that this method becomes impractical for mobile
radio communications.
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Figure 6: BER performance for different ��������� scenarios throughout the GSM data block for Doppler
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6 CONCLUSION

This paper presents some results on the convergence speed of cyclostationary blind equalisation tech-
niques in stationary and mobile radio environments. Two algorithms which are compared in a stationary
environment are i) a statistical approach based on second-order cyclic statistics [9] and ii) a method which
exploits matrix algebra described by a multichannel representation of the fractionally-spaced sampling op-
eration [5]. It has been shown that although the convergence speed of the algorithms is fast for stationary
channels, their convergence speed cannot be compared to conventional supervised methods in a mobile
radio environment. It was also shown that problems are expected when i.1) zeros are present on the unit
circle or very close to it or i.2) interpolation of some values of the differential cepstrum parameters has to
be done for certain channels in the case of the cyclic statistics based algorithm, or ii) as a consequence of
oversampling, the different subchannels share common zeros in the case of the subspace algorithm.
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